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Solution 1.1 Discrete Distribution

(a) Note that N only takes values in N5 g, and that p € (0,1). Hence, we calculate

P[NV € R] ZP —k‘]Zg(l—p)k_lp:pg(l—p)k:plém:1,

from which we can conclude that the geometric distribution indeed defines a probability
distribution on R.

(b) For n € N5g we get

P[N > n] Z]P’N k] Z( P lp=(1-p)"pd 1-pF=1-p",
k=0

k=n
where we used that p> ;2 (1 — p)*¥ =1, as was shown in (a).

(¢) The expectation of a discrete random variable that takes values in N5 can be calculated (if
it exists) as

N] = ikP[N:k].
k=1

Thus, we get
EIN] =Y k(1-p)*'p =) (k+1)(1 =D k(1-p)fp+> (1-pFp
1 k=0 k=0 k=0

where we again used that pY - ,(1 — p)¥ = 1, as was shown in (a). If E[N] is finite, then we
immediately conclude that

In order to show that E[N] is indeed finite, we can use the ratio test on the series E[N] =
Zk 1 ( )k 1p Indeeda

RY
(k+1)(A—-p)p _ _p@

k(l _p)k_lp - (1 ) k - (1 _p) <1

as k — oo. Therefore the series converges, and E[N] = L.

(d) Let r € R. Then, we calculate

Elexp{rN}] = Zexp{rk} PN Zexp{rk:} (1—p)k-

= pexp{r} Z[(l —p)exp{r}]* " = pexp{r} Z[(l — p) exp{r}]*.

k=1 k=0
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Since (1 — p) exp{r} is strictly positive, the sum on the right hand side converges if and only
if (1 —p)exp{r} < 1, which is equivalent to r < —log(1l — p). Hence, E[exp{rN}] exists if
and only if r < —log(1 — p), and in this case we have

1 _ pexp{r}
(L-p)exp{r}  1—(1—p)exp{r}

Mpy(r) = Elexp{rN}] = pexp{r}1 —

(e) For r < —log(1l — p) we have

D ppyy = 4 pelrt  pexp{r}{l = (1= p)exp{r}] + pexp{r}(l = p) exp{r}
dr dr1—(1—p)exp{r} [1—(1—p)exp{r}?
pexp{r}

[1—(1—p)exp{r}]*
Hence, we get

d My pexp{0} _ p _p 1

Ol = T el T A0 PP 2

We observe that d%M N (T)|r:0 = E[N], which holds in general for all random variables for
which the moment generating function exists in an interval around 0.

Solution 1.2 Absolutely Continuous Distribution

(a) We calculate

PY e R] = /:X’ fr(z)dz = /OOO)\eXp{)\m}dz = [fexp{f)\:c}]go =[-0-(-1)] =1,

from which we can conclude that the exponential distribution indeed defines a probability
distribution on R.

(b) For 0 < y; < y2 we calculate

Y2 Y2
Plyy <Y <y = fy(z)dx = / Aexp{—Az}dr = [— exp{—/\x}]zf

Y1 Y1
= exp{—Ay1} —exp{—Ay2}.

(¢) The expectation and the second moment of an absolutely continuous random variable can be
calculated (if they exist) as

ElY] = / zfy(x) dx and E[Y?] = / 2?2 fy (z) da.
Thus, using partial integration, we get
o0 oo
E[Y] = / zAexp{—Az}dzr = [—xexp{—)\x}]go—i-/ exp{—Az}dz
0 0
1 R
0+ [_)\ exp{—)\m}} bt

The variance Var(Y') can be calculated as

Var(Y) = E[Y?] -E[Y)? = E[Y?] - —.
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For the second moment E[Y?] we get, again using partial integration,

E[Y?] = / ’Xexp{—Az}dr = [-2? exp{—)\x}]go—i-/ 2z exp{—Az} dx
0 0

2 2
0+ JEY] = o,
from which we can conclude that
2 1 1
ValV) = 5 -% = %=

Note that for the exponential distribution both the expectation and the variance exist. The
reason is that exp{—Az} goes much faster to 0 than z or x? go to infinity, for all A > 0.

(d) Let r € R. Then, we calculate

oo

Elexp{rY'}] = /OOO exp{ra}lexp{—Az}dr = /0 Aexp{(r — Nz} dz.

The integral on the right hand side and therefore also E[exp{rY}] exist if and only if r < A.
In this case we have

A s A A
My (r) = Blesp(rYV}] = 2 [exp{(r ~ Na}]5 = —25(0-1) = 12—,
and therefore \
log My (r) = log ()\ — r) .
(e) For r < X\ we have
d? d? A d? d 1 1

Hence, we get

d? 1 1

— log My (1)|;=0 =

(=02 7 X

We observe that j—; log My (1)|r=0 = Var(Y"), which holds in general for all random variables
for which the moment generating function exists in an interval around 0.

dr?

Solution 1.3 Gaussian Distribution

(a) Let r € R. Then, we calculate

o 1 1(z—p)?
Mx(r) = Elexp{rX}] = /_OO exp{rac}ﬁ exp{—2W} dx
o] 1 1 272 2 2

= / exp{x (ﬂ+gg Jotp }da:

—oo V2mo 2 o

/°° 1 12% —2(pu+ro?)x + p? + 2ruo? +r20* — 2ruo? — r?o* d
_ _z T

oo V2mo P 2 o?

r2g? 1 L[ — (u+ro?)?
— . - N d
exp {ru + 5 } /_Oo e exp { 2 o) } T

7“20'2
= expyrpt——,

where the last equality holds true since we integrate the density of a normal distribution with

mean g + ro? and variance o2.
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(b) The moment generating function M,1px of a + bX can be calculated as
Moipx(r) = Elexp{r(a+bX)}] = exp{ra}E[exp {rbX}] = exp{ra} Mx(rb),

for all r € R. Using the formula for the moment generating function of X given in part (a),
we get

252 212 2
Mavpx(r) = exp{ra} exp {war (rb)z - } = exp {r(a+bu)+ - bza }

which is equal to the moment generating function of a Gaussian random variable with
expectation a + by and variance b%?02. Since the moment generating function (if it exists in an
interval around 0) uniquely determines the distribution, see Lemma 1.2 of the lecture notes
(version of February 7, 2022), we conclude that

a+bX ~ N(a+ bu,b*c?).

(¢) Using the independence of X1, ..., X,, the moment generating function My of Y = 3" | X;
can be calculated as

My (r) = Elexp {rY}]

=E eXp{rZXi}] = HE[eXp {rX;}] = HMX'i(T)
- r2o? - r? o}
Hexp{rm—k 2’} —exp{rzul Z’ L },

for all » € R. This is equal to the moment generating function of a Gaussian random variable
with expectation Y-, p; and variance Y., 0Z. We conclude that

zn:Xi ~ N(iu“i(j?) .
i=1 i=1 i=1

Solution 1.4 y2-Distribution

(a) Let r € R. The moment generating function Mx, of X} can be calculated as

Mx, (7‘)

E [exp{rX;}] = /0C><J exp{m:}mka—l exp{—x/2} dz

Y 1 k/2—1

= /0 Wﬂ? exp{—x(1/2 —r)} dx.
This integral (and consequently the moment generating function) exists if and only if r < 1/2.
Let r < 1/2. Then, we use the substitution

1
1/2—r

u=uxz(1/2—r), dx = du.

We get

o0 1 - 1\ 1
vt = [ g () v

1 1 1 ety

= 5 W EDEEOR) /0 U exp{—u}du
- 1

(1= 2r)k
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where in the last equality we used the definition of the gamma function

e}
I'(z) = / u*texp{—u}du, forzcR.
0

(b) For all r < 1/2 the moment generating function Mz2 of Z2 is given by

M) = Blow {r2)] = [ o (r2?) \/1277exp{—x;} dz

— 00

<1 x2(1 - 2r)
- [m Wors exp{—2 }da:
x

= (1—2r)"1/2 /Z Nore —12r)1/2 eXp{Q(l—;)_l} o

B 1
(1 —2r)l/2
= Mx, (r),

where the second to last equality holds true since we integrate the density of a normal

distribution with mean 0 and variance (1 — 27)~! > 0. We conclude that Z2 @ Xi.

(¢) Using that 7y, ..., Zy are i.i.d., the moment generating function My of Y = Ele Z? is given
by

k

= H]E lexp {rZ?}] = (MZ%(T))IC

i=1

My(r) = Elexp{rY}] = E

k
exp {r Z ZZ}
i=1
1

= 1 —2n)k2 = Mx,(r),

)

for all r < 1/2. We conclude that Zle zZ7 = Xy.
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