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Solution 3.1 No-Claims Bonus
(a) We define the following events:
A = {“no claims in the last six years”},

B = {“no claims in the last three years but at least one claim in the last six years”},

C = {“at least one claim in the last three years”}.
Note that since the events A, B and C' are disjoint and cover all possible outcomes, we have
P[A] + P[B] + P[C] = 1,

i.e. it is sufficient to calculate two out of the three probabilities. Since the calculation of P[B]
is slightly more involved, we will look at P[A] and P[C]. Let Ny,..., Ng be the number of
claims of the last six years of our considered car driver, where Ng corresponds to the most
recent year. By assumption, Ny, ..., Ng are i.id. Poisson random variables with frequency
parameter A = 0.2. Therefore, we can calculate

P[A] = P[N1 =0,...,Ng=0] = [[P[N; =0] = [Jexp{-A} = exp{—6\} = exp{-1.2}

i=1 i=1
and, similarly,
PC] =1-P[C°] =1-P[Ny=0,N;5 =0,Ng =0] = 1 —exp{—3A} = 1 —exp{—0.6}.
For the event B we get
PB] = 1 -P[A] = P[C] = 1 —exp{—1.2} — (1 — exp{—0.6}) = exp{—0.6} — exp{—1.2}.

Thus, the expected proportion g of the premium that is still paid after the grant of the
no-claims bonus is given by

¢ =FE[08-144+09-15+1-1¢] = 0.8-P[A] +0.9-P[B] +1-P[C]

0.8 - exp{—1.2} + 0.9 - (exp{—0.6} — exp{—1.2}) + 1 — exp{—0.6}
~ 0.915.

If s denotes the surcharge on the premium, then it has to satisfy the equation
g (1+ s) - premium = premium,

which leads to 1
s = ——1.
q

We conclude that the surcharge on the premium is given by approximately 9.3%.
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(b) We use the same notation as in (a). Since this time the calculation of P[B] is considerably more
involved, we again look at P[A] and P[C]. By assumption, conditionally given ©, Ny,..., N
are i.i.d. Poisson random variables with frequency parameter O\, where A = 0.2. Therefore,
we can calculate

6
P[A] = P[N; =0,...,Ng=0] = E[P[N, =0,...,Ng=0/0]] = E [H]P’[Ni = 0[]

=1

E [H exp{—O\}| = E[exp{—60)}] = Mo(—6)),

where Mg denotes the moment generating function of ©®. Since © has an exponential
distribution with parameter ¢ =1, Mg is given by

1
Me(r) = —
for all r < 1, see Exercise 1.2, which leads to
1 1
P[A] = = —.
[4] 146X 2.2
Similarly, we get
1 1 0.6
P =1-P[C°l =1—P[N;,=0,N;s =0,Ng=0] = 1— -1 - -

For the event B we get

1 0.6 1 1
P[B] =1-P[A]-P =1l-—-— = — - —.
5] 4] €] 22 1.6 1.6 2.2
Thus, the expected proportion ¢ of the premium that is still paid after the grant of the

no-claims bonus is given by

1 11 0.6
q = 0.8-P[A]+09-P[B] +1-P[C] = 0.8 7 +0.9- <1.6_2.2)+1.6 ~ 0.892.

We conclude that the surcharge s on the premium is given by

1
s = -—1=~ 12.1%,
q

which is considerably bigger than in (a). The reason is that in (b) we introduce dependence
between the claim counts of the individual years of the considered car driver. This increases
the probability of having no claims in the last six years, and decreases the expected proportion
q of the premium that is still paid after the grant of the no-claims bonus.

Solution 3.2 Compound Poisson Distribution

(a) Since S ~ CompPoi(\v,G), we can write S as

where N ~ Poi(\v), Y7,Ys,... are i.i.d. with distribution function G and N and Y;,Y3, ...
are independent. Now we can define Sy., S and S as

N N N
Ssc = ZYil{Yigl’ooop Sme = ZE1{1’000<)@§1*000*000} and Sic = ZYil{Yi>1’OOO’OOO}-

i=1 i=1 i=1
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(b) Note that according to Table 2 given on the exercise sheet, we have

3 4 3 1
00]+IP’[Y1=300]+P[Y1:500]:%+%+%:57

Ply; =1
P[Y; = 6°000] + P[Y; = 100°000] 4 P[Y; = 500°000]
2 2 1 1

- 2 4.2 4 - d
5 1 15 3 ™
111

— <’ ’ = —_—_-— = = -,
1-P¥y < 1000000 = 1 -5 — 3 = ¢

P[Y; < 1°000] =

P[1°000 < ¥; < 1°000°000]

P[Y; > 1°000°000]

Thus, using Theorem 2.14 (disjoint decomposition of compound Poisson distributions) of the
lecture notes (version of March 20, 2019), we get

Sse ~ CompPoi <)\2U,GSC) , Sme ~ CompPoi ();},Gmc> and S)c ~ CompPoi ()\61)76*16) ,

where

Gsc(y) P[Yl < y|Y1 < 1’000}7
Gme(y) = P[Y1 < y[1°000 < Y; < 1°000°000] and
Gie(y) = P[Y1 < y|¥1 > 1°000°000],

for y € R. In particular, for a random variable Yy, having distribution function G, we have

Py, = 100]  3/20 3
P[Y,. = 100] = _ _ 3
[ )= By <To00] ~ 12 T 10
Py, =300]  4/20 4
P[Y.. = 300] = _ _ 4
Yoo = 3000 = 555000 =~ 12 ~ 10
Py, =500  3/20 3

P[y; <1000  1/2 ~ 10

P[Y,. = 500] =

Analogously, for random variables Y. and Y}, having distribution functions Gy, and Gy,
respectively, we get

2 2 1
P[Yine = 6°000] = R P[Yime = 100°000] = 5 and P[Yi. = 500°000] = R
as well as

1 1 1
P[Yie = 20000000 = 5, P[¥ic =5000000] = 7 and P[Yic = 10'000°000] = .

According to Theorem 2.14 of the lecture notes (version of March 20, 2019), Ss., Smc and Sjc
are independent.

In order to find E[Ss], we need E[Y;.], which can be calculated as

300 1200 1500
E[Yie] = 100-P[Yae = 100]+300-P[Yae = 300]+500-P[Ye = 500] = 5"+ 1=+~ = 300.

Now we can apply Proposition 2.11 of the lecture notes (version of March 20, 2019) to get

A
E[Ss] = %’E[YSC] — 0.3-300 = 90.

Similarly, we get
E[Yinc] = 142’400 and E[Yi] = 4’750°000.
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Thus, we find

A A
E[Sme] = ?”E[Ymc} — 28480 and E[S.] = %E[YIC] = 475°000.

Since S = Ss¢ + Sme + Sic, we get
E[S] = E[Sse] + E[Sumec] + E[Sic] = 503'570.
In order to find Var(Ss.), we need E[Y.2], which can be calculated as

E[YZ] = 100? - P[Ys. = 100] + 3007 - P[Yz. = 300] + 5007 - P[Yz. = 500]
30°000 360000 750'000
10 10 10

= 114’000.

Now we can apply Proposition 2.11 of the lecture notes (version of March 20, 2019) to get

A
Var(Ss) = %’E[Ysi] = 0.3-114°000 = 34°200.

Similarly, we get
E[Y2.] = 54°014°400°000 and E[Y;?] = 33’250°000°000°000.
Thus, we find

A A
Var(Sme) = ?UE[YH%C] = 10802'880°000 and Var(Si) = %E[Yﬁ] = 3'325'000°000°000.

Since S = Ss¢ + Sme + Sie, and Sse, Sme and S are independent, we get

V/Var(S) = v/Var(Ss) + Var(Sme) + Var(Si) = Vv/3'335°802'914'200 ~ 1'826°418.

(e) First, we define the random variable Ny as

Nlc ~ Poi (?) .

The probability that the total claim in the large claims layer exceeds 5 million can be calculated
by looking at the complement, i.e. at the probability that the total claim in the large claims
layer does not exceed 5 million. Since the smallest claim size for a claim in the large claims
layer is given by 2’000°000, with three claims in the large claims layer we already exceed 5
million with probability one. Thus, it is enough to consider only up to two claims. We get
P [S < 5°000°000]
= P[Nie = 0] + P[Nye = 1]P[Yie < 5°000°000] 4+ P[N}. = 2]P[Yi. = 2°000°000]?

-l e ) () e ) ()L
6 6 6 \2 4 6 6 2\ 2
= exp{—0.1} (1 + 0.075 4+ 0.00125)

~ 97.4%.

We can conclude that

P[Si. > 5000°000] = 1 —P[S), < 5°000°000] ~ 2.6%.
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Solution 3.3 Compound Distribution

We show that the moment generating function Mg of S is equal to the moment generating function
of an exponential distribution with parameter Ap. According to Proposition 2.2 of the lecture notes
(version of March 20, 2019), Mg is given by (wherever it exists)

Ms(r) = My([log My, (r)],

where My and My, are the moment generating functions of N and Y7, respectively. As S > 0
almost surely, Mg(r) exists at least for all 7 < 0. In Exercises 1.1 and 1.2 we have seen that

pexp{r}

M) = T ety

for all » < —log(1 — p), and that

A
log My, (r) = log (/\_T> )

for all » < A. Thus, we get

A—r

)}:1_(136@{10%02)} o »

1—p)exp{log(ﬁ)} T A—r—Al-p) -1

With Lemma 1.3 of the lecture notes (version of March 20, 2019), we conclude that S has indeed
an exponential distribution with parameter Ap. We remark that for this compound model the
corresponding distribution function can be given in closed form. However, usually this is not
possible. Therefore, we will consider other methods for the calculation of the distribution function
of S in Chapter 4 of the lecture notes (version of March 20, 2019).

Ms(r) = My [bg(

Solution 3.4 Compound Binomial Distribution

(a) Let S ~ CompBinom(#,p,G) with the random variable ¥; having distribution function G
and moment generating function My. . Then, by Proposition 2.6 of the lecture notes (version

of March 20, 2019), the moment generating function Mg of S is given by

Mg(r) = (pMy, (r) +1-5)",

for all 7 € R for which My, is defined. We calculate the moment generating function Mg, of
Sic and show that it is exactly of the form given above. Let r € R such that Mg, (r) exists.
Note that since S} > 0 almost surely, its moment generating function is defined at least for
all 7 < 0. We have

Mg, (r) = Elexp{rSi.}] = E

N
exp {TZYZ— 1{1@>M}H =E

i=1

N
[Texp {rv: 1{m>M}}]

=1

N|{| =E

N
e x| Tlesn 3 1)

i=1

ﬂE [exp {TYi 1{Yi>M}}]] ’

i=1

where in the fourth equality we used the tower property of conditional expectation and in the

fifth equality the independence between IV and Y;. For the inner expectation we get
Efexp{rYi Livisay f] = Efexp {rYi} - Livismy + Lvicany)

E [exp {rY;} |Y; > M]P[Y; > M] + P[Y; < M)

Elexp {rY;} |Y: > M][1 — G(M)] + G(M).
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Note that the distribution function of the random variable Y;|Y; > M is G).. Thus, we can

write

E [exp {rYi 1iy,smy ] = My, jvisu(r)[L = G(M)] + G(M).

Hence, we get

Ms,, (T)

=

E

(My; vy >0 (r)[L = G(M)] + G(M))]

[(MY1|Y1>M )1 -G +G)"]

E [exp {Nlog (My,y,>nm (r)[1 — G(M)] + G(M)) }]
Mn(p),

where My is the moment generating function of N and

p

= log (My, |y, >n(r)[1 = G(M)] + G(M)) .

Since we have N ~ Binom(v,p), My(r) is given by

Therefore, we get

Mslc(r) =
= (p[l = G(M)|My, v, >m(r) + 1 —p[l = G(M)])".

My (r) = (pexp{r}+1—p)°.

[P (My,y,>m(r)[1 = GM)] + G(M)) +1 = p]’

Applying Lemma 1.3 of the lecture notes (version of March 20, 2019), we conclude that
Sie ~ CompBinom(?, p, G) with = v, p = p[l — G(M)] and G = G.

(b) In (a) we showed that the number of claims of the compound distribution S has a binomial
distribution with parameters v and p[l — G(M)] > 0. In particular, there is a positive
probability that we have v claims with Y; > M. Now suppose that Ss. > 0. Then, we know

that there isan ¢ € {1,...,

N} with ¥; < M. In particular, this claim cannot be part of Sj.

and there is zero probability that we have v claims with Y; > M. This explains why S
and Sj. cannot be independent. However, note that with the Poisson distribution as claims
count distribution such a split in small and large claims leads to independent compound
distributions, see Theorem 2.14 of the lecture notes (version of March 20, 2019).
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