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Diagonalizabiltiy, Cayley-Hamilton

1. Let K be a field, let n ě 2, and let

A “

¨

˚

˚

˚

˚

˚

˚

˚

˝

0 0 ¨ ¨ ¨ 0 ´c0
1 0 ¨ ¨ ¨ 0 ´c1
0 1 ¨ ¨ ¨ 0 ´c2
0 0 ¨ ¨ ¨ 0 ´c3
...

...
...

...
...

0 0 ¨ ¨ ¨ 1 ´cn´1

˛

‹

‹

‹

‹

‹

‹

‹

‚

P MnˆnpKq.

Prove that
charApXq “ p´1q

n
pXn

` cn´1X
n´1

` ¨ ¨ ¨ ` c0q.

Hint : Use induction.

2. Let A be a nˆn-matrix of rank r. Show that the degree of the minimal polynomial
of A is smaller or equal than r ` 1.

3. Prove that every 2 ˆ 2 invertible real matrix belongs to one of the following cate-
gories:

• It is diagonalizable;

• it is trigonalizable with algebraic multiplicity 2 and geometric multiplicity 1;

• one can find a basis such that the matrix representation in that basis is

ˆ

a b
´b a

˙

with b ‰ 0.

4. Let K be a field, A P MnˆnpKq, and p P KrXs be a non-trivial polynomial such
that ppAq “ 0. Show that every eigenvalue of A is a root of p.

Hint : For an eigenvector v of A and a polynomial q over K, state and prove the
relationship between v and qpAq ¨ v.

5. (a) Let A be a nˆn-matrix. Prove that the subspace xIn, A,A
2, . . . y of MnˆnpKq

has dimension ď n.
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(b) Let A :“

¨

˝

1 2 3
2 3 1
3 1 2

˛

‚. Find a polynomial ppXq with ppAq “ A´1.

6. Prove or disprove: There exists a real n ˆ n-matrix A satisfying

A2
` 2A ` 5In “ 0

if and only if n is even.
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