
D-MATH Lineare Algebra II FS 2023
Prof. M. Einsiedler
Prof. P. Biran

Serie 23

Positive-definiteness, isometries

1. Let K be a field in which 2 ‰ 0, V a K-vector space, and let B be a symmetric
bilinear 9form on V . We define qBpvq “ Bpv, vq for every v P V to be the quadratic
form associated to B. Show that

Bpv, wq “
1

2
pqBpv ` wq ´ qBpvq ´ qBpwqq.

2. Consider the real matrix

A :“
1

3

¨

˝

2 ´2 1
´1 ´2 ´2
2 1 ´2

˛

‚.

(a) Show that A is orthogonal and detA “ 1.

(b) Determine the rotational axis and the angle of TA : R2 Ñ R2, v ÞÑ Av.

3. Which of the following three real symmetrix matrices are positive definite?

A :“

¨

˚

˚

˝

3 3 2 3
3 1 1 2
2 1 2 1
3 2 1 3

˛

‹

‹

‚

, B :“

¨

˝

6 3 4
3 7 3
4 3 8

˛

‚, C :“

¨

˚

˚

˝

3 0 ´1 0
0 6 1 1

´1 1 8 2
0 1 2 5

˛

‹

‹

‚

.

Hinweis: Verwende das Hauptminorenkriterium.

4. Let A P MnˆnpRq be a symmetric matrix. Show that the following statements are
equivalent:

(A) A is positive definite, i.e. vTAv ą 0 for all v ‰ 0;

(B) All eigenvalues of A are positive;

(C) There exists an invertible symmetric matrix S P MnˆnpRq such that S2 “ A.

5. Show: For every orthogonal endomorphism f of an n-dimensional Euclidean vec-
torspace V , we have

|Trpfq| ď n.

For which f do we have equality?
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6. Consider two 2-dimensional subspaces E1, E2 Ă R3. Describe the set of elements
T P SO3pRq such that

TE1 “ E2,

in terms of orthogonal bases of E1 and E2.

Hint : Start by assuming that E1 “ E2 “ Sppe1, e2q.
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