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Question 1 (10 points)
Let A be an algebra of sets on a set X and A : A — [0, 400] a pre-measure on A. We define
the mapping p : P(X) — [0, +00] as

u(E) = inf { 3 A ’Al,AQ, .eAEC|] Ak}
k=1 k=1

for any set £ C X. One can then show that u is a measure.

1.Q1. [2 points| State Carathéodory’s measurability criterion with respect to p.

Solution: Carathéodory’s criterion states that a set A C X is measurable if and only if
for any set £ C X,
p(E) = p(E\A) + u(EN A)

holds.

1.Q2. [4 points| Show that for every A € A, it holds that A\(A) = p(A).

Solution: Since {A,2,d,...} is a covering of A by sets in A and A(&) = 0, it clearly
holds that u(A) < A(A).

For the reverse inequality, let Ay, Ay, ... € A be such that A C |2, A; and define the
sets By, := Ay N A\ (A1 U---UA,_1). Since A € A, by the properties of an algebra we
see that By € A. Moreover they are pairwise disjoint by construction and satisfy

GBk:OAmAk\(Alu---uAk_l):[]AmAk:AmGAk:A
_ k=1 k=1

k=1

Therefore A(A) = > 72 M(Bi) < > 7o A(Ay). Taking the infimum over all such collec-
tions we deduce that A(A) < u(A).

1.Q3. [4 points] Prove that every set A € A is y-measurable.

Solution: Let F € P(X) be arbitrary. The inequality u(E) < u(E\ A) + u(E N A)
follows from the subadditivity of the measure pu.

For the opposite one, let Ay, As, ... € A cover E and observe that the collections {A;\ A}
and {A; N A} are covers of £\ A and EN A (respectively) also by sets in A. Then, using
the additivity of A,

AAp).

Mg

w(E\A) +u(EnA) i AMAR\A)+ AM(ANA) =

e
Il

1

We now finish by taking the infimum over all such collections {A;}.
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Question 2 (14 points)
2.Q1. [2 points] Let (€, 1) be a measure space. For 1 < p < +00, define the space LP(, 11).

Solution: For 1 < p < 400, we define LP(2, u) to be the space of measurable functions
f 2 — R such that

ooy = [ P < o0,

up to almost everywhere equivalence.

Fix 1 < p < 400 and let (f,)nen be a Cauchy sequence in LP(€2, u).
2.Q2. [4 points] Show that there is a subsequence (f,, )ren such that

Z ||f”k - fnk+1||Lp(Q,u) < +00.
k=1

Solution: We take inducively nj to be bigger than n,_; and to satisfy that Vn > ny,
| fn — fuollze < 27%. This is possible thanks to the fact that {f,} is a Cauchy sequence
in LP. The desired sum clearly converges with this choice.

2.Q3. [4 points] Show that the function g(x) := "7 | fu,.y (€)= fu, (2)] is in LP(2, 1) and
is finite p-almost everywhere.

Solution: Let gx(z) == S0, | frer1 ()= fr,. (z)] and observe that g g monotonically
almost everywhere. On the other hand, by the Minkowski inequality,

K
lgrcllze <Y M fugees (@) = fu (@) |ze < C.
k=1

where C'is the value of the finite sum in part (a). Observe that also ¢h- 7 ¢* monotoni-
cally almost everywhere, thus by Beppo Levi’s theorem,

/gp = lim /gi = lim ||gx||, < C? < +o0.

Hence ¢ is in LP and in particular finite almost everywhere.

2.Q4. [4 points] Prove that there exists a function f € LP(Q, pu) such that || fo, — f|l o) —
0 as k — oo and deduce that LP(€2, i) is complete.
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Solution: We have seen that for pi-almost every € Q the sum >°.° | | fr, ., (2) = fn, ()]
converges. Since an absolutely converging series of real numbers is converging, this means
that the sequence fo, () = fu, () +> 0 (frpss (@) = f,(2)) converges for almost every
x to a value that we call f(z). As the limit of measurable functions f is measurable.
Moreover,

1f] < |fuil +9 € LP(Q 1)
and by applying dominated convergence to the functions |f — fo [P < (|f] + | fag )P <
(|f] + g+ | fa, )P € L' we deduce that

i |1 i3 =0

Finally, since the whole sequence {f,} is Cauchy and a subsequence of it converges, all
the sequence must converge as well. Thus completeness is proven.
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Question 3 (6 points)

Compute the following limits:
3.Q1. [3 points]

) < 1
lim
m—o0 J 14+ ™

Solution: Observe that for 0 < =z < 1, 2™ — 0 as m — oo, whereas for x > 1,
m—ro0

™ —— 4o00. Hence, if we define f,,(z) to be the integrand, f,, — x[o,1] almost
everywhere. In order to apply Lebesgue’s dominated convergence theorem, we need to
find a dominating function. For x < 1, f,,(z) < 1. On the other hand, for x > 1 and
m > 2, observe that 2> < 2™, which implies that fn,(z) < 1 J:IQ. Thus the function
9(x) = x0,1)(2) + 175z dominates {f,,} and is summable, hence we can pass to the limit

lim fm(2) dz = / Xjo,1)(z) dr = 1.

3.Q2. [3 points]

Solution: Since the summands are positive, the sum inside the integral is a monotone
function of m for each x. Therefore we can apply Beppo Levi’s monotone convergence
theorem and deduce

Lm ok 1ok 1
lim —dxr = —dx = “dr=¢e'—e’ =e— 1.
k! k!
k=0 0 k=0 0

m—0o0 0
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Question 4 (8 points)

Let H be a complex vector space and consider a function (-,-): H x H — C.

4.Q1. [2 points| Define what it means for the pair (H, (-, -)) to be a complex Hilbert space.

Solution: To start, (H, (-,-)) must be an inner product space. That is, the map (,-)
must be a positive-definite, conjugate-symmetric sesquilinear form, namely for all u, v, w €
H and for all A € C we must have

(A, w) = \Nv,w), (u+v,w) = (u,w) + (v, w), (v,w) = (w,v)

and (v,v) > 0 unless v = 0. Finally, the normed vector space (H, ||-||) must be complete
(i.e., all Cauchy sequences must have a limit), where the norm is defined through the

scalar product as ||v|| :== / (v, v).

From now on assume that (H, (-, -)) is indeed a Hilbert space.

4.Q2. [3 points] Let V' C H be a vector subspace. Providing all the necessary assump-
tions, state the projection theorem on V. More precisely, define the closest-point projection
operator m,: H — V and characterize 7y (v) (the projection of a point v) by a suitable
orthogonality condition. No proofs are required.

Solution: Assume that V' C H is a closed linear subspace. Then for any v € H there
exists a unique 7y (v) € V such that

o = (o) = minllo — wl].

Moreover 7y (x) is characterized by the following orthogonality property:

(v—my(v),wy =0 forany we V.

4.Q3. [3 points] Assume H := L*(R) with the standard L? scalar product and let V be
the subspace of all odd functions in L*(R). After checking the necessary assumptions, prove

that
f@) = f(=2)

m(f)e) = S

Solution: First observe that the subspace of odd functions in L*(R) is linear and closed.
Linearity is obvious; to check closedness let (f,).eny be a sequence of odd functions in
L?(R) converging in L?(R) to a function f. Then, up to a subsequence, (f,)nen converges
a.e. to f. It follows that f,(z) + f.(—z) converges a.e. to f(z)+ f(—x), so that for a.e.
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zeR

Fl@)+ f(=2) = lim_fu(e) + fu(—2) = 0,

i.e. fis odd.
From the Projection Theorem it follows that there exists a projection 7,44 to the subspace
of odd functions. To check that 7,45 has the form given in the exercise we first observe
that for any f € L*(R), mv(f)(z) = o) = f(=2)

2
satisfies the characterizing orthogonality condition: for any g € L*(R) odd we have

is odd. Finally we check that my

(f — v (f)g) = /R I o)z

f(@)+f(=2)
2

Here the integral is equal to zero since is even and g is odd.
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Question 5 (10 points)
5.Q1. [2 points] Compute the Fourier transform of f(t) := x[_1/2,1/2(¢),t € R.

Solution:

=
[

F©) = (2m) 2 /R flz)e ¥ dx = (2) 2 / " e dy = (2m) 4 / ’ (cos(Ex) — isin(Ex)) da

5.Q2. [3 points] Given u,v in L'(R), express F(uxv) in terms of & and 9. Prove rigorously
your formula and specify whether F(u * v) is computed in the L' or in the L? sense.

Solution: Observe that u* v € L! by Young’s inequality. Thus we can compute
Je

/ e o(y)e¥dy = (2m)ba()o(e),

_1

Fluxv)(&) = 2

NJ

)dy> —iE g

l\J\»—‘

%%

u(z e i@v)E v(y)e_iygdx> dy

%\%\»

u(2)e”*v(y)e iyédz) dy

where in the second step we used Fubini theorem, while in the third we used the substi-
tution z = x — y (for fixed y).

5.Q3. [3 points] Check that g(t) := (f*f)(t) is equal to (1—|t|) for all t € R and compute
g.

Solution: First we check that g(t) = (1 — |¢])+:

If |[t| > 1, then the intersection [t — 1.t + 1] N [—1 1] is empty and g(t) =
If t € 0, 1] then [t — 2. t+3]N[-3. 3] =[t—1 3] andg(t) =5 —(t—3
Ift € [~1,0], then [t—%,tJr%] Nn[-1

We conclude that g(t) = (1 — [¢])+.
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Next we compute g. By the previous point we have

5.Q4. [2 points] Does § belong to the Schwartz class S(R)? Why?

Solution: From the previous point we see that £2g(£) is periodic (and non-zero), there-
fore it is not decaying and cannot be in S(R). Alternatively one sees that g ¢ S(R) as
it is not smooth. Since the Fourier transform is a bijection from S(R) to itself, § cannot

be in S(R).
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Question 6 (12 points)
Consider the heat-type PDE

Oyu = cos(t)0ppu in (0,7) X R, uw(0*,z) = f(z) for all z € R, (P)
where

e T'>0is a given “final time”,

e u(t,x) is assumed to be real-valued and 27-periodic in the x variable, that is u(t, z) =
u(t,xz 4 2m) for all t € (0,7) and z € R, and

e f(x) is a given initial condition which is also 27-periodic.

Complete the following tasks:

6.Q1. [3 points] Assuming you are given the Fourier coefficients {cy(f)}rez, construct a
formal solution w of as a Fourier series in the x variable with ¢-dependent coefficients.

Solution: We write

w(t,z) = Z wy(t)e*,

kEZ

and from we find for all & € Z the ODEs
w),(t) + k* cos(t)wy(t) = 0in (0,T), wi(0) = cx(f).

Solving we find _
wi(t) = i (f)e ™50 for all t € (0,7).
Hence the formal solution

w(t,z) = z:ck(f)e”“”_’€2 sin(?) for all (t,z) € (0,7) x R.

kEZ

6.Q2. [3 points] Check that, if [* |f|* < co and T <, then w: (0,7) x R — R is indeed
a well-defined continuous function.

Solution: By Parseval we know

S lalhF = 5 [ 117 <.

kEZ

Let us first show that the series defining w is absolutely convergent uniformly in compact
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subsets of (0,7) x R as long as T' < 7. In fact if we fix any ¢ > 0 we have

ikx—k? sin —k? sin
sup (e IO = 3 jey ()] sup e R0
(6,m—0) xR Ik|>m te(6,m—9)

< ||{Ck(f)}\|gz( Z e—2k251n6)1/2 moos o

k|=m

| >m

and the series is convergent (for example by the ratio test or any other Analysis I crite-
rion). We used crucially that in (0, 7) the sine function is positive, so

_ k2 g _ 1.2 . 12
sup |€ k s1n(t)| —e k*inf(5 ~_5)sin _ e k smé‘

te(,m—9)

We proved that w: (0,7") x R — R is well-defined and continuous.

6.Q3. [3 points] Show that also the initial condition is met in the sense that

() = fll2 ) = 0

Solution: For each fixed ¢ > 0 the kth Fourier coefficient of the 2m-periodic function
w(t,-) is indeed given by wy(t). Hence by Parseval’s identity we have

S = 0l By = D Jerl) = B = 3 Jer(P(L = IO

keZ keZ

We pass to the limit ¢ | 0 using the dominated convergence theorem in L*(Z,#,P(Z))

and find
2 _
lim [1f = w(t, Wiz = 0:

The domination is given by

\ck(f)|2£1 — e‘kQSm(t))QJ < lex(f)|? € €* by the assumption f € L*.

TV
<1

6.Q4. [3 points] Show that w is in fact of class C? (in both variables) and solves the

equation
Oyw = cos(t)0zw in (0,7) x R.
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Solution: Now we have to do the same for the derivatives up to the second order. We
first compute them

|at( ikz—k? sin(t) k2 ikz—k? sin( t)| < ]{?2| —k? sin(t )|

)|— | cos(t)
|a ( ikz—k? sin(t) )l _ |Zl€€zk$ k2 sin(t) | < |k§|| —kQSm()’
|a$ ( ikx—k? sin(t) )l _ |k52 ikz—k? sin(t | < k2|6—k sm()|
‘815( ikz—k? sin(t) )

x

|at ( ikx—k2 sin(t

| — |k54 COS zkm k2 sin t)| < ]{?4|6_k sin(t)|
| _ |k§2 k2 cos ( ) + Sin(t>>eikx—k2sin(t)| < 2k4|€—k2 sin(t)|.
Hence we find that, as long as a + 8 < 2 with «, § € N, then

sup |Ck(f)3faf<€z’km_k2sin(t))| < ZQ|Ck(f)|k’4 sup |€—k25in(t)|‘
keZ (6,m—0) xR keZ, te(d,m—6)

By Cauchy Schwarz we conclude exactly as above since for every ¢ > 0 it holds
Z k86—2k2 sind 5o
keZ

This proves that w is of class C? and its derivatives can be computed termwise dif-
ferentiating the series that defines w. Hence it is readily checked that w satisfies

since ‘
Ow = Z —k? cos(t)wg (t)e™™,  Oppw = Z — k2w (t)e™,

kEZ keZ

and so Oyw = cos(t) Oy w.
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