ANALYSIS IV - MOCK EXAM - 90 MIN

Problem 1. Let H be a complex vector space and consider a function (-,-): H x
H—C.

(a) Define what it means that the pair (H, (,-)) is a complex Hilbert space.
From now on assume that (H, (-,-)) is in fact a complex Hilbert space.

(b) State the parallelogram law and the Cauchy-Schwarz inequality in (H, (-, -)).

(¢) Show that the Cauchy-Schwarz inequality implies the triangular inequality
for the norm |[|v]| := 1/(v, v).

(d) Consider H := L?((0,1),R) with the standard L? scalar product and the
set K :={ve€ H:v>0a.e.}. Prove that K is a convex and closed subset
of H and that

Pk (u)(z) = max{u(z), 0},
where Py : H — K denotes the closest point projection.

Problem 2.

(a) Given f € C}(R), state and prove the formula expressing F(f’) in terms
of F(f).

(b) Compute the Fourier transform of f(t) := e~ "l t € R.

(c) Consider g: R — R, the only 2m-periodic function that agrees with f in
[—7, 7]. Show that the Fourier partial sums Sy (g) converge to g uniformly

in [—m, .
Problem 3. Consider the heat-type PDE
(P) Owu= T + 0ppu in (0,00) x R, u(0T,z) = f(z) for all z € R,

where

e u(t,x) is assumed to be real-valued and 27-periodic in the x variable, that
is u(t,z) = u(t,x + 2m) for all t > 0 and = € R,
e f(x) is a given initial condition which is also 27-periodic.
Complete the following tasks:

(a) Assuming you are given the Fourier coefficients {c(f)}xez construct a for-
mal solution w of (]ED as a Fourier series in the z variable with t-dependent
coefficients.

(b) Check that, if [7_|f|?> < oo, then w: (0,00) x R — R is well-defined, of
class C? and solves the equation

Ow = H—;ﬁw + Ozpw in (0,00) x R.

(¢) Show that the initial condition is met in the sense that

lim [[w(t, ) — fllz2(-r.m) = 0.

Please turn the page!
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You can use the results seen in class if you clearly identify them (either you
call them by their name or you state unambiguously the assumptions and the
conclusion).

You can also give for granted the following facts:

e The definition of vector space over C.
e The Fourier transform in R? (under suitable assumptions) is given by

fley = @m = [ fa)e s

e C!(R) denotes the vector space of continuously differentiable functions from
R to C each of which vanish outside a sufficiently large interval.
e For a 27-periodic function f: R — C the kth fourier coefficient is given by
1 [ .
cex(f) = — (z)e~ e dg for each k € Z.
2 J_,
Under suitable assumption f can be expressed as a suitable limit of the
Fourier partial sums

Snf(x)= > c(f)e™.

[k|<N
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Solutions.

(1a)

(1d)

(0.1)

H must be a complex vector space (whose definition we can give for granted).
(-,-) must be a positive-definite, conjugate symmetric sesquilinear form.
That is for all z,y,z € H and for all A\ € C we must have

</\.13,y> Z/\<y,33>, <x+y, Z> = <$,Z>+<y,2’>,
and (x,z) > 0 unless z = 0.

Finally, the normed vector space (H,| - ||) must be complete (i.e., all
Cauchy sequences must have a limit), where the norm is defined trough the
scalar product as ||z]| := /(x, ).

Parallelogram law: ||z + y[|* + [lz — y||* = 2[|=(|* + 2[jy* for all z,y € H.

Cauchy-Schwarz: [(z,y)| < ||z([[y], for all z,y € H.

Just take the square root of

=+ 9l = lz]* + llyl|* + 2Re((z, )

< ll2® + lyll* + 2z, )]

< ll2l® + llyll* + 2llzllllyll = Ul + llylh>.
In the first inequality we used that for any complex number Re(z) < |z|
and in the second we used the C.S. inequality.
Clearly, if v1,vo are non-negative and ¢ € [0, 1], then also tv; + (1 — t)ve is
non-negative, hence K is convex. We remark also that K # ()

Let {v;} C K be a sequence with v; — v in L?(0,1). Up to a subse-

quence, we can assume that the convergence holds also almost everywhere,
now since each v; was non-negative, so must be its pointwise a.e. limit.

Let us call w € L?(0,1) the projection of u. Then w is uniquely deter-
mined by the conditions:

we K and (u —w,v—w) <0 for all v € K.
Now we set
uy := max{u,0} and u_ := max{—u,0},

so that u = uy — u_. We check that u satisfies (0.1) and thus w = u.
With our notation we have © = uy —u_ and so for any v > 0 we have

(u—uq,uy —v) = —{u_,v)y+{(u_,uy) <0.
—_——  ——
>0 =0

The first sign is justified because both u_ and v are non-negative, so
Ju_v > 0. The second is due to the fact that ujyu_ = 0, since where
one between u4 is nonzero the other is zero.

The formula is

F(f)(&) = i€F(f)(€) for all £ € R,

both sides are well-defined continuous functions since both f and f’ are in
LY(R) (being compactly supported), and we saw in class that

F(L'(R)) c C(R).

In order to prove this we notice that f(x)e~%? is in C}(R) so the integral
of its derivative is zero, hence we find

OZ/R%(f(x)e—iéw) dx:/Rf/(x)e—igz dx—ig/Rf(x)e—i{ac dx

which proves the formula up to the dividing by the factor /2.
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(2b) Since e~? is in L' we can use the integral formula for F and we have to
compute

0 0
Vorf(€) = /0 e T dy 4 / "% dyg;

— 00
e~ (1+18)7 1 0o e(1—i&)z 0
N [ 1+ L:o [ 1—i¢ ]
1 1 2
— + — =
1+i€  1—4i& 1+&2
(2¢) g is a of class C! in [—m, 7] and is attains the same value at the extrema of
the interval = 4+ (because it is even). Hence we saw in class that these
two conditions guarantee uniform convergence of the Fourier partial sums
to the original function.

The key point was that we could integrate by parts (thanks to the pe-
riodic condition no boundary term) and find {kck(g)} € ¢2, which entails
{er(g)} € 01

(3a) We write

Tr=—0C

w(t,x) = Zwk(t)e_““,
kEZ
deriving formally, we find

_ / —ik _ —ik
atw—Zwk(t)e ' ”,1+t2w—z 1+t2wk(t)e e
= keZ

and Oy, w = Z fk2wk(t)e*“”.
kEZ
Moreover, we formally have
f(@) = w(0,2) = > wi(0)e~*,
kEZ

so we set w(0) = cx(f) for each k.
We get that for any k € Z, wy must satisfy the Cauchy problem

wy, = (13 — k) wr,
wi(0) = cx(f).
Integrating we find
wy (t) = (f)earctan tkat.
So the formal solution
U)(t, SC) _ Z Ck(f)earctan t7k2t+ikz'
keZ

(3b) We first check that the series defining w is totally convergent on compact
subsets of (0,00) x R. To do so, it suffices to show that for each § > 0 we
have

Z sup  |wg(t)e”* | < co.
er (5.1/6)xE
This is readily checked since
2
arctante—k t‘

sup \wk(t)e_ikﬂ:\ck(f)\ sup e
(6,1/8)xR te(5,1/6)

< ‘Ck(f)‘ sup garctan t sup e—kzt < ‘Ck(f)‘eﬂ-/Qe_kzé.
teR te(8,1/6)
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To check that this is summable we have to use the assumption f € L2
which by Parseval implies

SlatnP= [ Ik <o,
kEZ -

and so by Cauchy Schwarz and the previous bound

Z sup |'LUIc zkxl < Z |Ck W/Ze—k26

kez (6:1/8) xR keZ
1/2 o2\ 1/2
< (Yleun)) (e ) T < oc
kEZ keZ

This implies w € C((0,00) x R).

In order to show that w is in fact C? (actually, it is C°°) it suffices to
show that for each § > 0 and p,q nonnegative integers with p + g < 2 it
holds

Z sup  |0PO (wy(t)e )| < 0.
o (5.1/0)xR

We compute all of them and show that they are bounded by a common
converging series. Set g(t) := €%t and notice that since it is smooth on
the whole R we have

My : :[gnaX\ngngg | < oc.

Then for all (¢,z) € (§,1/6) x R we have

lgt)e | < KMy

Bu(g(t)e™ )] < |(g'() — K2g(e))e | < My(1+ k2)e RS
[Ou(g()e™ 1 =R)| < [(g"(¢) — 29 (DK + Kg(e))e™"

B (g(t)e™ 7)< Mylkle™?

O (g(t)e™ 1 70)] < Msk?e ™,

< Mj(1 + 2k*)e k0

So taking the worst case we have anyway

sup 9P 0w (t)e ™) < AMs > [en(f)I(1 + ke 7
kez (6,1/8)xR kez

which is convergent by Cauchy-Schwarz as above.
This proves that w € C?((0,00) x R) and that the derivatives can be
computed differntiating the series termwise. So the PDE is satisfied

dyw(t, ) <Z w(t ””) = Zw;(t)e“” = Z (1 i i kz) wy (1)

kEZ keZ keZ
1 ) -
= Z mwk (t)elkm — Wi (t)aa:;ve kx 1 " t2 Z 'U)k zkz _ agm (Z wy, (t)ezkz>
keZ kEZ keZ
1

Of course, so far, we did not prove anything concerning what happens for
tl0.
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(3c) Again by applying Parseval’s identity, we find
: : rctan t—k2 2
tim fw(t, ) = £l rmy = lim D [er(f)em™e = — ey ()
kezZ

2
. 2
earctant k=t 1‘

= tim Y [er()P?

keZ
2
<1 2‘7k2t_ ’:
<tim Sl NP 1] =0
keZ —————
—0 for fixed k

The last passage holds by the Dominated Convergence Theorem. Indeed,
the series on the right-hands side is the integral in L' (Z, P(Z), #) of ¢ (k) :=

2
lex (£)]? ‘e’kzt — 1| , which is dominated uniformly in ¢, since
[6k(0)] < 4lex(f)I* € LN(Z, P(Z), #)

and converges pointwise (i.e., for each k) to 0 as ¢ — 0.




