D-MATH Analysis IV ETH Ziirich
Federico Franceschini Problem set 11 FS 2023

Hints in the next page!

11.1. Some Fourier transforms. Compute the following one dimensional Fourier

transforms for

o B o
glolel® - gmalal - gmax sin(32)1(9,),

where a € C,Re(a) > 0. Given u,v € S(R) compute the Fourier transforms of
(z,y) = u(2r)v(y/2)
in terms of 4,0
11.2. Dominated convergence review. Motivate each of the following statements

using the dominated convergence theorem in a suitable measure space, but pay attention:
one of them is in fact false!

1. Given f € L?(R%) it holds

/ f(z)?sin(x;) dr — 0 as R — oo
{l=|>R}

2. Given f € L*(R?) it holds

V1I+ f(x)2—1
/ dr — 0as R — oo
{|z|>R}

1+f()

3. Let ¢ € C}(R?) such that ¢(x) = 1 in a neighbourhood of # = 0. Then for each
f € LY(RY) it holds

e—0 e—0

lim f( Y (ex) do = Rdf(x)dm and  lim f() JY(ex) dr = 0.

4. Let {cx} € (*(N). The map f(t) := Ypencre’™®? is of class C*°(R) and its
derivatives are given by f™(t) = ¥ cn(isin(k))™cpet s,

5. Let {¢;} € 2(N). The map f(t) := Spen cre™ is of class C'(R) and its derivative
is given by f/(t) = 2it X pey kepe™

11.3. Harmonic functions on the disk. In this problem we show the existence of the
so-called harmonic extension in the interior of the disk of a sufficiently regular function f
defined on the disk boundary.

Consider the second order differential operators in two variables (1, z2):

1 1
A = 311 -+ 822 and L= 811 —+ 781 —+ 72822.
I Ty

We say that a twice differentiable function w(z, x2) is harmonic Aw = 0 in its domain.
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1. Given u: D — R, where D := {(z,y) : 2® + y* < 1}, consider the function
v(r,0) :=u(rcosf,rsinf), rel0,1],0 e R.! (1)

Using the chain rule, check that (Aw)(r cos@,rsin@) = Luv(r,0) for all r € (0,1) and
0 eR.

2. Given any regular function F': 0D — R consider its 27 periodic version f: R — R
defined by
F(cosf,sin®) =: f(0), 0€R.

Show that we can find a solution of

Au=0 in D\ {0},
u=F on 0D,

solving instead
Ogov + 10w + 120, v =0 in (0,1] x R,
v(r,0+2m) = v(r,0) in (0,1] x R, (2)
v(1,0) = f(0) for all 0 € R,

and then defining u trough (1).

3. Formally solve the system (2) by the Ansatz v := Yoz ux(r)e?*?. Explain why the
{ug(r)} are not uniquely determined by the {cx(f)}. Explain why they are unique
if we further require that

hg)l u(r) = 0 for all k € Z. (3)

4. Let v(r, 0) be the Ansatz constructed in the previous point using the extra assumption
(3). Show that v is of class C* in the (r,6) variables in [0, 1) x R, as soon as f € L.

5. (%) show that, as soon as f € L*(—m, ), the v you constructed with the extra
assumption (3), corresponds in fact to a u that is C*°(D) in the whole open disk
including the origin!). Furthermore this u meets the boundary condition in the sense
that

lsn [u(r, ) = fllz2 ) = O

IThis is u in polar coordinates.
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Hints:

11.1. The first are elementary integrals. Use the dilation properties for the last.
11.2.2. Recall what you known about the Fourier transform of an L' function.
11.3.1. Use the chain rule.

11.3.2. This is a simple verification.

11.3.3. You will find a second-order ODE, but only one initial condition at » = 1. Imposing
that u vanishes at r = 0 acts as second condition.

11.3.4. You can show that when r < 1 the Fourier coefficients decay faster than any power.

11.3.5. You need to express d,u and J,u as a linear combination of dy, J,, in polar coordinates.
Then check continuity at » = 0 in polar coordinates.
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