D-MATH Analysis IV ETH Ziirich
Federico Franceschini Problem set 13 FS 2023

Hints in the next page!

13.1. Closed answer questions.
1. If w € L*(R), is it necessarily true that f(z1,zs) = u(z; + z2)u(z) — x9) € L'(R?)?

2. Let (X, d) be a metric space and let ¢ € X. Assume you have a sequence {z;} C X
such that any subsequence {zy,} must possess a sub-subsequence {z;, } such that
Tj,, — q as £ — oo. Is it true that z, — q as k — o0?

3. Is it true that if A is a linear endomorphism of R? and f € L'(R?), then f(Ax) €
LY(By)?

4. Let u € S(R), show that ||ﬂ||4L4(R) = 27| * ul|72 gy
5. Consider the set

X :={u € L*(RY) : 4(¢) = 0 for almost every || > 2},

show that X is closed and not open in L*(RY).

6. Consider the set

X ={uecL'R)NL*R): /u =0},

show that X is dense in L?(R). What happens if we consider the exact same question
in [—m, 7] instead of R?

13.2. Differential operators with constant coefficients. Let u € S(R?) be a scalar
function and V € S(R?,R?) be vector field*. Prove the following formulas

F(div V)(€) = i& - V(€), F(rot V)(€) = i€ x V(€) (here assume d = 3),
F(Au)(€) = —[EPa€) F(Vu)(€) =ia(), F(VV)=iV(§) ¢,

here VV is the d x d matrix {Jv;/0z;};; and for two (column) vectors a,b we set
a®b=ab” = {a;b;};;. In R® we are also using the classical cross product.

Give now quick proofs of the following claims
1. if V € S(R3,R?) such that |[rot V| =div V =0, then V = 0.
2. If u € S(RY) is harmonic (Au = 0), then it is identically zero.
3. If u € S(RY) then
> 0jpu()]? da = / (Au(z))* d.
Rd

RY ik

IThe Fourier of a vector field is taken component-wise, i.e., V(&) = (81(€), ..., 04(€)).
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13.3. Poisson Kernel in the half-space. We consider the problem of extending a
function f € S(R?) to an harmonic function u: (0,00) x R? — R such that u(0+, z) = f(z)
and u(+o00, z) = 0, that is

Au=0 in (0,00) x RY,
u(0+,7) = f(x) for all z € RY, where f € S(R?) is given ,
u(4o00,2) =0 for all z € RY,

1. Find the solution formally, taking the Fourier transform of u with respect to the
space variable z and solving the resulting ODE. Express your solution as

u(t,z) = [ K& f(&)e™¢de, forallt >0,z eR™
R4
for a function K (-,-) to be specified.

2. Show that the function u defined in the previous point attains the boundary value
in the following sense

1561 Ju(t, ) = fllzemes = 1#{.% [u(t, )| oo (ray = 0.

Show that you don’t need f € S(R?), but only f € LY(R).
3. Show that u € C*°((0,00) x R?), that for all m € N,a € N¢

OO ult, x) = /Rd O K (8, €) (i)™ ... (i)™ f(€) dE,

and finally that Au = 0. Also here only f € L' is needed.
4. In the case d = 2 show that, more explicitly, it holds

1t
————, forallt >0,z € R.
w2+ 12

u(t,x) = (P f)(z), where Py(x) :=

Show that for all p € [1,00] and ¢ > 0 it holds ||u(t, )| ze@®) < || f]lzr®)-
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13.1.1 Try to change variable and use Fubini...

13.1.2 Argue by contradiction to extract an impossible subsequence...

13.1.3 In general f o A is measurable but depends on the particular representative we chose
for f...

13.1.4 Use Plancherel and the fact that the Fourier transform sends product into convolu-
tions...

13.1.5 Use the fact that the Fourier transform in L? is an isometry, hence an homeomor-
phism...

13.1.6 Show that F(X) is dense in L?*(R¢)... In the case of the interval use the Fourier
series and Parseval’s identity...

13.2.1 the two conditions tells that £ x V(£) = 0 and £ - V(€) = 0... then we recall the
geometric meaning of the cross and the dot product...

13.2.3 Use Plancherel’s formula and the fact that the Fourier transform sends derivatives
in multiplications by coordinate functions...

13.3.1 K(t,¢&) = e It

13.3.2 Use the explicit form of K and the dominated convergence theorem.

13.3.3 Use the explicit form of K and the differentiation theorem under the integral sign.

13.3.4 In this case we can explicitly compute the inverse Fourier transform of e~ for

fixed t > 0... For tAhe second part recall Young’s inequality and the fact that
| Pl = [g P = Pi(0) = 1...
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13. Solutions
Solution of 13.1:
Solution of 13.2:

Solution of 13.3:
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