D-MATH Analysis IV ETH Ziirich
Federico Franceschini Problem set 3 FS 2023

3.1. Closed Answer questions.
1. Are ¢*(N) and (*(Z) isometrically isomorphic as Hilbert spaces?
2. Is C*' N L?(RY) dense in L*(R%)?

3. If Pk,, Pk, are the metric projections onto two convex closed sets K, K3 in some
Hilbert space H, is it true that Px,nx, = Pk, © Pk,”

4. Given u € L*(0,1) there exist a unique polynomial p such that p — ||u — p||12(0,1) is

minimal. True or false?

3.2. Projection on subspaces. For each of the following pairs (H, V') where H is an
Hilbert space and V' is a subspace discuss whether V" is closed or not and give a formula
for the orthogonal projection 7: H — V. Footnotes contain hints.

1. H=L*Q,F,p) with u(Q) < oo,and V ={u € H :u= const. p-a.e.}.

2. H=L[*(-1,1) and V = {u € H : uis Mgy,,-measurable}? where the o-algebra
My is the o-algebra generated by

{E Lebesgue measurable and £ = —F'}.

3. H=1L120,1) and V = Rlogz.?
4. H=L*R%R¥ and V ={d € H:Z-u(x) =0 for a.e. z € R3}.4
5. H = L?(R%) and V is the subspace of radial functions i.e.,

V ={ue H:3U € L;,,(0,00) such that u(x) = U(|z|) for a.e. x € R*}°

3.3. Projection on convex sets. For each of the following pairs (H, K) where H is
an Hilbert space and K is a convex set (check it, if it is not clear) discuss whether K is
closed or not and give a formula for the metric projection 7: H — K.

1. H=L*(0,1) and K ={u € H:u >0 a.e.}.

2. H=1L*0,27) and K = {u € H : u > sin(-) a.e.}.

3. H=R? and K = [-1,1] x [-1,1].

4. H=1?0,1) and K = {u € H : fol ug < 0}, where ¢ € L? is given.

3.4. The tight fishball. Let H be a real Hilbert space and U C H be a bounded,

nonempty set. Show that, among all the closed balls which contain U, there is only one
with minimal radius.

"You can use the definition, and minimize the function R 3 ¢ — f, |u(z) — ¢|* du

2There is a simpler characterization of V...

3Here, as in item 1, V has dimension 1.

4Everything is happening in the co-domain, so you can use the definition...

SWork in polar coordinates and use item 1. on each spherical shell.

5Look at a sequence of minimizing balls B,, (zx) and try to prove that {z;} is Cauchy with the
parallelogram identity. It helps to do a picture in 2D, i.e. work out the case H = R? first.
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