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1. Exercise

Consider the following joint probability density of some random pair (X,Y") for some ¢ > 0;

cxy if1<z<3 1<y<3,
0 otherwise.

flzy) = {
(a) Find c.
(b) Are the random variables X and Y independent?

(c) Compute E[X], E[Y] and E[XY].

Solution:

(a) To be a density, f must satisfy

2

3 43 3
1://f(x,y)dxdy:c/ / xydxdyzc(/ xdm) = 16¢c.
R JR 1 J1 1

Thus, ¢ = 1/16.
(b) We note that

F(o.) = S5ertn @)1y ) = )0

with fi(z) = ix]l[m,] (z) and fo(y) = %y]l[m} (y) the respective pdfs of X and Y. Hence, X and Y are
independent.

(¢) Since X and Y have the same marginal density, we have that

L3, 13
EX]=E[Y]= | zfi(z)dr = - [ 2°dv=—.
R 4 1 6
Since X and Y are independent and, in particular, uncorrelated, we know that E[XY] = E[X]E[Y] =
169
36

2. Exercise

Let f be the following joint probability density of some random pair (X,Y") for some « > 0;

1
flx,y) = O‘FHIS$Sy1[1,2] (y).

(a) Find a.
(b) Are the random variables X and Y independent?
(¢) Compute the covariance cov(X,Y) and the correlation p(X,Y).

Solution:
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(a) To be density, f must satisfy

2 Y1 2
1:/ f(x,y)dxdy:a/ / —2dxdy=a/ (1—y Hdy = a(l —1log?2).
R2 1 1 x 1

Hence, a = 1/(1 —log2).
(b) Using that T1<,<ylp1,9)(y) = L1z,2)(¥)1[1,2)(2), the marginal density of X is given by

1 1 2 2—ux
filz) = / flz,y)dy = CV/ 5 ]]-[z,Q](y):ﬂ'[l,Q](x) dy = a— ]1[1,2](30)/ dy = s ]1[1,2]($)~
R R T X X

x

Also,
1 v y—1
fa(y) =« R?hgxgy]l[l,z](y)dz:0411[172](3/) . ﬁdl’:aTl[m](y)-

It is clear that f(z,y) # fi(z)f2(y) for some (z,y) € R? and, therefore, X and Y are not independent.
(c¢) By definition, cov(X,Y) = E[XY] — E[X]E[Y]. We have

E[X]:/Rxfl(x)da::a/12deza(/fidm—/ﬁda:) — a(2log2 — 1)

E[Y] =/Ryf2(y)dy:oz/12y(1—y1)dy=a(3_1) :%

2
2 yxy
IE[XY]://]R zyf(x,y)da:dy:a/ / ﬁdxdy
2 1 J1

2 v 2 . i 2 2 1 2 1
:a/ y/ ’dmdy:a/ ylogydy """ o (Llogy| "/ Y’ = dy
1 1z 1 by parts 2 1 2 1 Yy

= a(2log2— Z)

and

and

Plugging in a = 1/(1 — log 2), it follows that

2 2 /4log2 — 3
cov(X,Y) = a(210g2— %) - %(210g2— 1) = a—(b —2log2+1)

2 o

1 3
=—————((1—-1log2)(4log2 — =) —2log2+1
ST Togaye (1~ g2 (410g2 = 5) —2log2+1)
1 log2 1
=———(4log2(1 —log2) — - = .
2(1710g2)2< 0g2(1 —log2) — = 2)
By definition,
cov(X,Y
/Var(X),/Var(Y)
We compute
2222 —2) 2 !
E[Xz]:/xzfl(x)dx:a/ 72dx:a/ (2—a)dx ==
R 1 T 1 2

and, hence,

Var(X) = E[X?] — E[X]? = % —a?(2log2—1)% = O‘; (é —2(2log?2 — 1)2)
1

=—— " (1-1log2—2(2log2 —1)?).
2(1—10g2)2< ©8 (210g ))
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Similarly,
2 2 2 2 1 Sa
EY = [y dy=a | y(1-y )dy=—
R 1 6
and
2 2 1 1 1 —log2 1
Var(y):E[W]_]E[y]?:52_0;:&(5 -h- (5( og )_7)
6 4 2\3a 2/ 2(1—1log2)? 3 2
_ 1 (z B 510g2)
2(1 —1log2)2\6 3
Thus,

4log2(1 —log2) — g2 _ 1
0g2(1 —log2) — *5* — 5 ~ 0.429,
\/(1710g272 (2log2 — 1)2) (7 — 10log 2)

p(va) = \/6

3. Exercise

Let X and Y be two i.i.d. ~ G(p) geometric random variables for some p € (0,1). Compute P(X > Y) and
P(X > Y).

Solution:

Since X and Y play similar roles, we have that P(X >Y) =P(Y > X). On the other hand,

PX>Y)+P(X <Y)=1 < P(X>Y)+P(X<Y)-P(X=Y)=1
= WX >Y)=1+P(X =Y)
1+P(X =Y)

— PX>Y)= 5

If fioint denotes the joint probability mass function of (X,Y), then P(X =Y) = Zw,y>0 Lo=y fioint (T, ¥).
Since X and Y are independent, we have that fioint(z,y) = f(x)f(y), where f(z) = p(1 — p)* for z =
0,1,2,.... Thus,

=Y @ = Y- = o =

x>0 z>0

We conclude that

rixzn - bis ) - 5

and
P(X>Y)=P(X >Y)—P(X = V)= —2.
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