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1. Exercise

Let X1, . . . , Xn be i.i.d. ∼ N (0, σ2) with σ ∈ Θ = (0,∞). We are interested in estimating the variance σ2.
Here, n ≥ 2.

(a) Show that the estimator

σ̃2
n =

1

n

n∑
i=1

X2
i

is an unbiased estimator of σ2 such that σ̃2
n

a.s.−−→ σ2 as n → ∞.

(b) Let X ∼ N (µ, σ2) for µ ∈ R, σ ∈ (0,∞). Show that E[(X − µ)4] = 3σ4 and deduce the expression of
Var((X − µ)2).

(c) Compute the mean square error of σ̃2
n.

(d) Consider now the usual empirical estimator

S2
n =

1

n− 1

n∑
i=1

(Xi − X̄n)
2.

Admitting that

Varσ

(
1

n

n∑
i=1

(Xi − X̄n)
2

)
=

2(n− 1)

n2
σ4

if X1, . . . , Xn are i.i.d. ∼ N (µ, σ2), compute MSEσ(S
2
n).

(e) How do you explain that MSEσ(S
2
n) > MSEσ(σ̃

2
n)?

Solution:

(a) Note that Eσ(σ̃
2
n) =

1
nnEσ[X

2
1 ] = Varσ(X1) + Eσ[X1]

2 = σ2. Since Eσ[X
2
1 ] < ∞, it follows from the

strong law of large numbers that σ̃2
n

a.s.−−→ Eσ[X
2
1 ] = σ2 (note that we used the fact the X2

1 , . . . , X
2
n are

i.i.d. random variables).

(b) Note that E
[(

X−µ
σ

)4]
= E[Z4] with Z = X−µ

σ ∼ N (0, 1). Thus,

E

[(
X − µ

σ

)4
]
= E[Z4] =

∫ ∞

−∞
z4

1√
2π

e−z2/2dz

= −z3
1√
2π

e−z2/2
∣∣∣∞
−∞

+ 3

∫ ∞

−∞
z2

1√
2π

e−z2/2dz

= 3E[Z2] = 3Var(Z) = 3.

It follows that E[(X − µ)4] = 3σ4. Thus,

Var((X − µ)2) = E[(X − µ)4]− E[(X − µ)2]2 = 3σ4 − σ4 = 2σ4.

(c) We calculate

MSEσ(σ̃
2
n) = bias2σ(σ̃

2
n) + Varσ(σ̃

2
n) = Var

(
1

n

n∑
i=1

X2
i

)
=

1

n
Var(X2

1 ) =
2σ4

n
.
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(d) Put σ̂2
n = 1

n

∑n
i=1(Xi − X̄n)

2. Then, S2
n = n

n−1 σ̂
2
n and, hence,

MSEσ(S
2
n) = bias2σ(S

2
n) + Varσ(S

2
n) = bias2σ(S

2
n) +

n2

(n− 1)2
Varσ(σ̂

2
n).

Thus,

MSEσ(S
2
n) = bias2σ(S

2
n) +

n2

(n− 1)2
2(n− 1)

n2
σ4 = bias2σ(S

2
n) +

2

(n− 1)
σ4.

Furthermore,

Eσ[S
2
n] =

1

n− 1
Eσ

[
n∑

i=1

(Xi − X̄n)
2

]

=
1

n− 1
Eσ

[
n∑

i=1

(Xi − µ)2 + 2

n∑
i=1

(Xi − µ)(µ− X̄n) + n(µ− X̄n)
2

]

=
1

n− 1
Eσ

[
n∑

i=1

(Xi − µ)2 − n(µ− X̄n)
2

]

=
1

n− 1

(
n∑

i=1

Eσ[(Xi − µ)2]− nVarσ(X̄n)

)

=
1

n− 1

(
nEσ[(X1 − µ)2]−Varσ(X1)

)
= Varσ(X1) = σ2.

This means that bias2σ(S
2
n) = 0. Thus, MSEσ(S

2
n) =

2
n−1σ

4.

(e) For a fixed n ≥ 2, MSEσ(σ̃
2
n) < MSEσ(S

2
n) since

1
n < 1

n−1 . This is to be expected because the estimator

σ̃2
n uses the additional information that the variables X1, . . . , Xn have expectation zero, while in S2

n

we “ignore” it and estimate it using X̄n.

2. Exercise

(a) Let X1, . . . , Xn be i.i.d. ∼ U([0, θ]) with θ ∈ Θ = (0,∞). We consider the following estimators of θ.

(i) T1(X1, . . . , Xn) = 2X̄n.

(ii) T2(X1, . . . , Xn) = max1≤i≤n Xi.

(iii) T3(X1, . . . , Xn) =
n+1
n max1≤i≤n Xi.

Compute the mean square error of each of the estimators and indicate whether they are unbiased or not.

Hint: Revisit exercises 3b) and 4c) from sheet number 5.

(b) Which estimator would you use?

Solution:

(a) (i) We have Eθ(2X̄n) = 2Eθ(X1) = θ. This means that T1(X1, . . . , Xn) is unbiased. Further,

MSEθ(T1) = Varθ(T1) = Varθ(2X̄n) =
4

n
Varθ(X1) =

θ2

3n
.
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(ii) We know from sheet number 5 that max1≤i≤n
Xi

θ ∼ Beta(n, 1) since Xi

θ ∼ U([0, 1]). Therefore,

Eθ(T2) = Eθ

[
max
1≤i≤n

Xi

θ

]
θ =

n

n+ 1
θ

Varθ(T2) = Varθ

(
max
1≤i≤n

Xi

θ

)
θ2 =

n

(n+ 1)2(n+ 2)
θ2.

Thus, biasθ(T2) =
n

n+1θ − θ = − θ
n+1 ̸= 0, so T2 is biased, and

MSEθ(T2) =
θ2

(n+ 1)2
+

nθ2

(n+ 1)2(n+ 2)
=

θ2

(n+ 1)2

(
1 +

n

n+ 2

)
=

2θ2

(n+ 1)(n+ 2)
.

(iii) We have Eθ(T3) =
n+1
n Eθ(T2) = θ, so T3 is unbiased. Further,

MSEθ(T3) = Varθ(T3) =
(n+ 1)2

n2
Varθ(T2) =

θ2

n(n+ 2)
.

(b) We have
MSEθ(T1) > MSEθ(T2) > MSEθ(T3)

for all θ ∈ Θ, n > 1. The first inequality is clear; the second one is

MSEθ(T2)−MSEθ(T3) =

(
2

(n+ 1)(n+ 2)
− 1

n(n+ 2)

)
θ2

=

(
2

n+ 1
− 1

n

)
θ2

n+ 2
=

(n− 1)θ2

n(n+ 1)(n+ 2)
> 0.

In conclusion, we would use the estimator T3.
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