
 

MORE ON COHOMOLOGY

Recall H x Gli Hi si x G
Fei Chom5.674,5 27

H x G By UCT

0 Ext H x G H x GÉhom Ho x G O

o

He x g Ehom In.FI cIr.yG

H x G Since H x free we have

Ext Heb G O so by UCT

H x G Sham th x G thomCitrix Gr
everyhomefactors Inder theassumptionMy thrush b c G that X is

g f f is abelian path connected
HEX Text Held Thx

ab
non empty



REDUCED COHOMOLOGY GROUPS

Consider the augmented complex

t s x is G522 0

simply I 1

To define ten x G we take nom f G

tin Cx G
thx D no

hom recdG no

Exercise follows from UCT applied to

the augmented chain complex

RELATIVE COHOMOLOGY GROUPS

Let X be a space tax subspace

G group We have a SES

0 S A S x S Cx A so



CLAIM
For every degree K this sequencesplits
As a SES of free abelian groups

Proof

Sk x A is free abelian One can

take a bases for this group to be

all the chains 6 O x sit

81010A viewed as elements of
Sk

y check the details
to

Since this sequence splits as a sequence

of abelian groups we still have a SES

after applying hom G a restriction

045 x A 4 5 x D sofa 4 o

Sh X A G homo Y Sn X G
St Usn A D



In cohomology we get a LES

Hh x A G H x G tenCAG t.tt xAG
Exercise

yn A g Hna x A G

th th
hom HnkG 2ham Hula G

where c is the dual map of HnaYA Hna

INDUCED MAPS

f X A A B m fo S x A 5 7 B

v7 fat soft B G TS XAiG
cochain maps

me ft Hn 4 B 4 H X A G

The LES of X A 17 B are related by

a FH A B G 7h47 HhBig

stance ata tend antics



x A E CL B A Cz C

fog g ft
Mcontravariant
functor

FURTHER PROPERTIES
Fa SES

O Ext Hn 1 YA G H x A G nomAndAG

coming from UCT The sequence is natural

w.tt Maps x A 711,13
We can apply UCT to S X A

because for t k Sk X
A is a free

abelian group
F also a homological version involving

H x A OG Tor Mnt x A G MnCx A G

The sequence
is split but not canonically

and in fact a splitting cannot alwaysbe



arranged to
be natural wht maps

between spaces

HOMOTOPY INVARIANCE

If fig lx A 11 B and fig
F g't Hh Y B G H x A G

Proof
F a chain homotopy between fe go
i.e a home H Sa x A Snr FB
th S.A ge fo Jon Ho 2

got ft 11 2 27 H't

So H gives a cochain homotopy between

fat g
f g

EXCISION

Act We have Zo A and assume

Ec intCA i xiz AZ x A

induces an bio H X A G H XZ ATG



Proof
Dualize the proof for homology
2nd proof
Denote by in H 12,1 12 H x A

the map induced by i

nom HnatA1z a
11 I Might fit flip I IIE

0 Ext Hn XA G H x A G homfan XA G 0

The statement follows from the 5 lemma
DR

MAIER VIETORIS LES IN COHOMOLOGY

X space A Bex subspaces

Assume X ht A u Int CB Then Fa LES

Hh x G HCA G OH CBG H'CARBG

Hat x g
a

This comes from the SES



O Sn AnB Sn A Sn B SABA O
a

subgroup of
Snlx generated

by the chains that
are either in A

or in B

We'd like to dualizeby
hom f G and get
a SE S of cochaincomplexes
This is possible since

SmtB x c Sn is free be Sn x is

free so the sequence splits

After dualizing we use the fact that

5 AB Ix S x induces an iso in

homology and from
this we'll obtain

that six G s p
x G hom SEBA G

induces an iso in cohomology Passing
to cohomology we get the sequence

x



O SaBAG 5 A G 05 CBG 5CanB go

h Ms A his B
f g HsAnd9sAnd

We need to show that it y SnianBIG
is a cochain then I d Sn A G

H S B G St I snap IsnaÉ
Indeed we can extend 4 to a G valued

function on the singular simplices of A

PC
4167 6 can B

0 6674ANB

G O A

Take 4 0



CELLULAR COHOMOLOGY

Let X be a Av complex G abelian

group no CMG cellular chain complex

C x hom CMG G

THEOREM
H Cow x G EH x G

works also for pairs

Proof
We'll apply UCT

W 0

112 112

O Ext Ha x G H x G nom thx G 0

we know that the SES in Uct split

H'Ccw x G Ext Hat x G AhomtinyG
Ext Hnk G Ahom Ha G

E Hh x G B




