







































































































MOTIVATION

for topological spaces X I we wish to

compute H xx 1

It is reasonable to expect that this
is expressible in terms of H x

and H I since for each Cycle Z

Z x pt is a cycle in XXI More generally

for cycles Z in X and W in 1

Zx W should be a cycle in XXI

The process of establishing
a connection

consists of two steps

topology express 5 xx 1 with

S x and S 1

algebra compute Ha xx 1 from

S xx 1

What happens in step 1 is most










































































































easily seen on an example of
ow complexes

EXAMPLE
2
5 XS

V2

EET
Vitra

K IV2

a decomposition of T2

1 O all U Xk
2 1 Alls e Xk Vitez
1 2 cells enter

A chain complex
O

p
Eke xvz we 92kV kno

productof cells of St
whosedimaddsup to 2










































































































For general complexes

Let X I be ow complexes ex a k cell

in X ee an b cell in 1

Y Bk x char map for ex

4 Bis injective Ilsa Y

gluing map

I Be I char map for le

I Be injective Ilse FI

Then 4x4 Bk x Be XXI has all
22

Bkal

the properties of a char map

BRIBe BK x Be










































































































2 Bk x Be Sk xBe u Bty set
22
Skte t

dY xt up y

Xx 1

This yields a Rte cell ekxle

in XXI

Hence n cells in xx I are produced

by ex x ee where kten

CY xx 1 is generated by exee
Ktl n and we can express this

algebraically as follows

linear combinations of cells in X

and in I should give rise to linear

combinations of product cells so this

correspondence must be bilinear










































































































of a city Cue xx

exo ee ee x ee

We form the tensor product of

chain complexes Gtx and fly
where n dim elements are generated

by elementary tensors for which

the dims of the two factors
add to n

EXO CH
n effaced1

We also need to define the boundary

map this map will correspond to

geometric boundary of ex x ee
For
Bk x Bl 2 BVB e 2BkxBev BK x2Be










































































































We can interpret the summands as

chains but we need to be careful
about orientations

2 exo ee zero ee G Keesee
to derive this formula rigorously
would require a detour to differential

geometry that
we will skip

This motivates the following definitions

GRADED GROUPS
A Ai ez graded abelian groups

sometimes we write

A Ez Ai

A B are graded abelian gps f A B

home We say f is graded of degreedo if

f Ai c Bord ti We write 1ft d










































































































TENSOR PRODUCTS
A B gradedabelian groups AO B inherits

a grading

A B n Og
Ai By

Let f A B g A B be graded homomorphisms

Then I a graded home

fog A A B'QB

which satisfies

fog la a 1 1191 flatogla
Kal all elements of pure degree

sometimes we wrote this as

I fog a da C 1
9 Lf at ox g a

If Ogl flag KOSZUL SIGN
CONVENTION










































































































CHAIN COMPLEXES

CA Ja CB 2B be chain complexes my

A OB TAQB

Jaap QQ idBt ida 2B

using new sign conventions 121 1 Kpk 1

Jaap a Qb Oa id Caob lid AB la b

Ja a ab CD da 02 b

LA la Qb t 1 a Q2 b

Check that DAB Jaap O

Special case CA I chain complex

G abelian group viewed as a chain complex

concentrated in degree 0

M A OG coincides with our

previous construct










































































































THEOREM EILENBERG ZILBER

F a chain homotopy equivalence
S xx I s x S 7

that is natural in X 1

In particular F iso

xx 1 My Six OS y

THE HOMOLOGY CROSS PRODUCT

X space denote b simplices
in X by Xe X X Do XE X

THEOREM K any two spaces X E

F a bilinear map

Spex xSg 7 Spg xxl

G T Ext

p g 20 sit

Hex t Og 1










































































































txt Oge DoxDg Xxl is

xx e v x TCA AVE Og

Kye 7 6 01
Oxy Op xxy is

oxy u Glu y Kaeop

The operation x is natural in XI

namely if f X x g L 11

and fxg xx 7 x'x1
x y flul gly

then tafs.pk beSg I we have

fag Carb flax g b

Spex ySg 7 Spg Xxl

I Faget f fig
SpCx xSg4D Spy x'x1


































































































2 fax b Jax b CDalaxab toes x

be 5 G

of pure degree

Tinted
x is bilinear it induces a linear

map g x 0.11 S xx

in fact Spas 1 Sp g xx
Gob axb

We'll denote this operation also by x

If we endow 5 x s t with

the differential Fox Jyoxidtiolody
then the map X S G as 7 5 xx

is a chain map
Indeed

x G aab x Saab C 1 a'a 2b

Jax b f Nala x abe

2 ax b fo x aab



Proof of the theorem Acyclic models
Step 1 constructionof it sufficesto consider

a map Spex xSg x Spgx
a veryspecialcasenamelywhen
XOp 4 09arethemselvessimplices

Induction on M ptg thechains anidentitymaps
thesearemodelsacyclic
referstothefact

RI Se p O 9 0 method that oxo is
contractible therefore

Define Xxy x y Hoof has trivial homology

For higher n's the case when PO
or 9 0 define Xxt Gxy as in the

statement Exercise check that everything
is satisfied

Let nz1 and assume we have already

defined x for all spaces X t for all

pig with Oeptgen

Let Ocp Org be such that pagan

Take 1st X Op Og Let

ip Op Op ig D 0g be the

mph



not maps viewed as singular simplices

Consider a L ipx ig CPip x2 igeSpot
r e
both defined
by induction

Intention this should be 2Cipxig but i pig
has not yet been defined

CLAIM A is a cycle
Proof 29 22 ipx igt DPtoup Dig
by the C DPg ipx Jig GDPGDPipxOig
induction D
hypothesis

12 ipx igt n t so by induction we
can

1 ipxsigh n I apply the formula for 2
B

But DpxOg is contractible hence

HiCopX02 0 t i O

Note that ptg 170 because p o g
0

a D EH
page Dp of



F Ce SpgCopx g sit a 2C

Define ipx ig c e SpyOpxOg
Now let 6 Op X T Og y

be

singular simplices Not that

6 flip t To Cig
Put Ext ax to Cip x ig
Exercise the last definition coincides
with the previous one for the case

X Op Y D G up E Eg

Step 2 Map from Step 1 satisfies

If Xxl y 811 are maps then
I g 6 27 Ctxg Cbxtlelipxia

product of maps

of x got Cip xig
fell xGalt



Step 3 Map from Step 1 satisfies
2 ax b 2 ax b clip x ig
A
assume
a b are

singular simplices

ax b e o 2 ip x i g
ICax b zip x ig GDPip aJig
Ac Gip x be ig CDPaclip xbebig
2 aclip X bdid GDP aclip xalbi

2 a xb C DPax 2b

Extending this map bilinearly completes
the induction


