
 

THEOREM
F chain map O S xx 1 5 x S.CI

defined bspaces X I which is natural

in X I and Sit in degree D we have

Axe X yet O x y xox g
Naturality means t maps X X

I Y we have a commutative diagram

S xx S x as 7

fig I f fro ga
S x'x7 s x 5.111

Additionally Ja 00 02

Proof of theorem acyclic models

To construct the map do induction
on

the degree

Ny Define D x y xoxy assumption

Let n 21 and suppose that O has already

been defined on SK XXI Koski n



and all spaces X I

Consider K N We first define 0 for

the case X I on and a very

specific chain du where driopoxon
is the diagonal map In x x x

Consider 2dntSmConxo By induction

adn is already defined

CLAIM Fan E S o OS oh n

St O adn Joan

Proof of claim

2,0 adn 0122dm 0
a
induction welldefined

0 adn is a cycle of degree n 1

in S Con Q S o If n22 then

as on is contractible we have

Hr S a asf on 0

hence Fane S.lohoxs.co ns.t



adn gan this proves the claim
for n 22

point
If n 1 then note that in spare

ads 0 11,17 10,07 101 600

Ixty

this is mappedto 0

by the augmentation
map hence

Its homologyclass is O
O

so again by the previous
lemma 624D

so Fane Con OSCoD sit Jaa A fade

This proves the claim B

Define dn an By construction
2 0 dn Han 0 adn
Let now X I be spaces and consider

6 On xxy an M singular simplex

Consider IT 6 x Ty 6 Onxo Xxl



Ix
Hy projections

Clearly 6 4 06 x City 6 dn on Xxl

as maps

And 6 Y G X Ty 6 Ldn

Is chains

Define 016 Ty 27 Hyo2 c
Coldn

Note that this is the only way to define
0 once D dn has already been defined
because

SnConxon É Sn xx 1

of 10
Ston ox son SG San

THG Atyeo



EXERCISE Check that in case X D

I On b dn the new definition coincides

with the previous one

EXERCISE Check that 0 as defined above
satisfies the naturality condition for

maps X x I I in degrees en

Finally we showthat28161 0126 Kesha x

2 0187 20 Ty 6 co Citgo6 c
CO dal

IN Glc Q City 6 c at dn
201

I 6 Ox City 6 c oCadn
onion
naturality 0 Tx08 x Ty b adn

002 Byob x Hyo Ldn
02 6

This completes the induction the proof

of this statement
Ba



Our construction of X and it involved
non canonical choices of chains whose boundary
was a given chain so we must show that

up to chain homotopy the particular choice
made is irrelevant
THEOREM
Let 0 I be two chain maps either

s xx 4 SAY or

SCDOS 4 S xx 1 or S xx 4 SHO SCI

or S x as 1 SG as 1 defined
for all spaces X Y and S t P I

are natural writ maps between spaces

and sit P I are the canonical maps

in degree 0 Then F a chain homotopy

Dx between I Moreover we can

make the chain homotopy Dx y to be

natural wir to map between spaces

xx I 4



We'll prove the version for

d I S xx 1 80517
We'll define D shxt 1847081 G
St Do2 2gD D Y

Proof theseproofs are quite similar so
we

Induction skip some details

in ME Eingtmago
been defined with all the above properties

KX I and Of Ken We'll define now

D on Sn Xx 1 Consider

In on on xD the diagonal

map
viewed as an n simplex in

SnCont on

d 4 Do2 Ldn

2 dn 2,4 dn qD2 dn



MII Idn
Aban 4 adn d adn Isdn Doglad

r r f
chain maps

HTdinduction
on 1 degree
less

O

10 I Do2 Cdn e 5.020son n is a

cycle By the lemma from the

last lecture Fat scodoscohm

sit Ja d Y Do2 dn

Define D dn a

Clearly now we have

COD D2 ldn Ld 4 Cdn

Now let 8 on xx't be a singular
n simplex We have

6 Ty 6 City27 Cdn



Define D8 To 6 a City ble Dan
EXERCISE Finish the proof
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COROLLARY EILENBERG ZILBER THM
The chain map x S x as 4 s xx y

and Q S xx 7 SMOSH are uniquely
defined up to chain homotopyby their
values in degree o and the requirement
that they are natural in

X I Moreover

Qu XT it X O Ted

via chain homotopies that are natural

in X Y In particular X O are chain

homotopy equivalences and 7
a natural

do CW.r.to x y
Hx Xx 1 EH Sfx OS 7

If G is an abelian group then

H xx 4 G EH S x OS 7 0 G



and

H xx y G EM Chom six ox5177G

Proof

immediately
follows from the previous theorem


