
 

CROSS PRODUCT IN HOMOLOGY
Observe that since X S x as 1 s xx

is unique up to homotopy satisfies

218 5 28 5 C 1 6 25

it descend to a well defined

CROSS PRODUCT
X Hp x OH 7 Mpg xx 1

6 t 6 5

This definition is independent of
choices

it 81 is another choice with 8 81 22

we have Gxt b xt Cop xt 2 pxe
Since 25 0

If we identify H xx 1 with H xx

via TEX g ely x then the cross



product is graded commutative ie

ax b f 1 allbl bx a EH xx 1

Proof

We'll identify XXIII xx using the

obvious Map
T X LXX

x y Aly x

Since tend this map induces an

isomorphism

Tc S xx 1 5 E xx

and similarly on homology On the
other hand consider

t S G ox 5 1 S e OS x

LOB c 1 allMpaa
the sign is required in order for t

to be a chain map so that Tattoo
It also satisfies that and thus



is also an isomorphism
Consider the diagram

S xx 4 EIS x ox S I

Ltc J t
S Lxx S 1 OS x

This diagram is not commutative

but we can show

CLAIM
the mapsTc oxo T and X are chain
homotopic Similarly tote are

chain homotopic
The maps are natural in X 1

and are the obvious ones

Xo Yo t Xoxyo

Xoxyo t Xy
in degree 0



Conclusion By a previous theorem

there exists a chain homotopy pg

x is also natural with respect to

maps it f X x1 and g I 41

are continuous then

fy a x g b fx g laxb eHy x x1
where fxg X x1 X x It is the product

map A relative version of X also exists

Summing over p g such that pig n

we can consider the total map
X Ot Hp x oxHg 7 Hn xx 7
ptg h

and ask whether it is
an isomorphism

It is always injective
but not necessarily

surjective as quantified by the Kenneth



formula We give a completely algebraic

version first

THE ALGEBRAIC KENNETH FORMULA
Let K and to be chain complexes

of free abelian groups then F an exact

sequence

O Egyptthough Antos Eg MplsHgh 0

This SES is natural writ chain maps

K K L L The sequence

splits but not canonically
PROOF
step 1
Consider the care that L has trivial

differential so that HyCL L and

I 20 id on K Oh The homology

groups



g

cnn.mil i t n

20 a preserves the direct sum

decomposition

K Oh
n OptgenKpOlg

HnCK QL qq.ntlplk.org

vÉ gn
CK oLg

for homology

Lg is free
so Tor Lg 7 0

since L has tyg Hp
K Hall

trivial boundary
maps

Hgh Lg



Since Tor vanishes on free groups
this establishes the theorem in this case

Step 2 general
case sketch of proof

Consider the SES Bn Anti Lna
Zn kenai

O Z L B O
N N N 1

We apply K Ox which is exact

since all groups involved are free

and obtain

Os K OZ k.OL.TK.QB.fi 0

Here Z B are viewed as chain

complexes with O differential
This generates a LES

Hna K B E 1 EtiMn K.dz

HnCK Oh HnCk oxB Gif
i

Since Z RB are trivial complexes we

have



HnCK OZ pEgHpCK Zg
and

talk B E 1 egg p
K BgiopathlkdaBg

by the first part of the proof
EXERCISE The connecting homomorphism

in the LES above is who i where i

is induced by inclusion B CL

It follows that for each n we

have a SES

O coke lid in MnCL Ok Kerlidails

We will obtain the Kenneth formula

once we identify these groups
see the Kottke note

Naturality splitting is left as

an exercise Ta



Combining the algebraic Kenneth theorem
with the Eilenberg Zilber theorem

yields
TOPOLOGICAL VERSION OF THE

LONNETH FORMULA

f top spaces X I Fa SES

O pfgntlplxotlg17 HncxxtzgntorCHph.tl
0

The sequence is natural w.at maps

X I 311 It splits but
not

canonically The 1st map is induced

by the cross product
EXERCISES
Calculate the reduced homology of
TEST xp n times

Calculate HKCIRPxRp3 and

HK IRP X IRP 3 272



Calculate Hk xxSh na in terms

of Hi X
Test Hits Z i 0,1

0 otherwise

Inductively define tht sixth

Claim Hk Tn z
Ck

This is the case for ti
Assume Hk Tn Eck
Now calculate

Hk Tna Hk sixth since all

I Hi 8 OH i Tn
homologygroup
I arefree

y i this is

Kinneth A f Tor Hilo Heidt
0

formula

I Ahi 8 Oxtail Tni

Holst HkCtn Helspont
I Hk Th Ha th



I 2712 ZED
zit

Recall

2 i 0 in if n odd

Hi IRP 22 ocian if i odd
0 ocean if i even
O En if n even

Hi IRP 12727 272 5 011,2 in

Kenneth formula gives
HKCIRPZXIRP.DE

j
KHiCIRPOHjCIRP3 a

jIrCHiCRP H
RPD

go Ho IRPHIRPDIHOCIRPJOH.CIRP

IZ
H IRPTIRP3527022022027

Ator 2,2 22022



Hz IRP X IRP3 I 22022 272
Hz CRP x IRP 127027 A TorCRED

I 270272

HuCRP x IRP 7220200 222
H 5 RPS IRP3 O

Ho IRP x IRP3 D

The case for 22 coefficients is

left as an exercise

He Xx Sn Ej Hi
X aHj Sn

jÉrCHi
X Hsn

This gives to
Xx Sn Ho x

Hh xxSMEHo x HAD
A Hix O Ho Sn
E Ha x



For Ken we get
HKCXXSDIH.ae

next HnCxxSn IHoGAHnCx

For kin
HKCXXSDEHn.MXOHKCx


