
 

COHOMOLOGICAL CROSS PRODUCT
Fix a commutative ring R

with a

unity Let X I be spaces Let

Ye SP x R Ie 8911 R be chains

We'll define 4x4 esh xx 1 R

where neptg
Write 4 Sp x R I S 7 R

Recah O S xx 1 S CDOS I

Fix one such map Consider now

Mo 401 SpXox Sg 1 ROER R

where the map m is induced by the

bilinear map Rx R R Ch E Erik

We get a cochain

mo 401 4 as 7 Jorg R
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by defining me 401 to be O K p gl
sit ptg ptg but Cpl.gl pg

Define

4x4 mo Hoy O 4 1ESPY xx I R

10 S xx 1 8 G xozS.CI

Note x is natural writ map xox

4 Y because 0 has this property

O is not unique

A more explicit form
Let Ce Sn xx 1 where n p g

010 2 I
risen v g

GO by with

dire SCD bj e Ss 1



4x4 c L 1PIE4 at I bj

Proof

14 1 Cc mo yay 0 c

Mo lot Es E ai
a b

IsenEj MoY I airox b
s

E Moya
I at obj

Ey
m 1

P
YlaD ox I bjd

Ey
1 17 yCain I bjd
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CLAIM
3 4 4 54 4 C 1 ex 54

n other words the map
SP x R EEG RI SPIEL R

induced by
4,4 79 1 is a chain map

wit Said two Sy and Sexy

WARNING
In homologicalalgebra S is often
defined as Sf fi degftt fog

Sign Covention Bredon page 321
This change does not affect cohomology

groups
Proof of claim

p let
g 141
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special 1 PL't m yay 0.2
convention

1 Ptt mo yet 0

y
2 0 libido ay

1 Plat mo Yo 4029 1914.2 104

C 1 Ptm C 1SH y sq C IT spox4 A
Mo See I C DPG 054 o O
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REMARK
The map 4,47 74 4 is bilinear

over R so it induces a map of R Mod

SP x R Or sa 7 R SPY XXL R

Exercise



COROLLARY

Cross product on chains induces a product

HP x R ORHECK R HPL xxY IR

which is independent on the choice of 0
Proof
We have the following maps

HP S X R qHGCS I R HP'D SixRqSGR
T
algebraic

T.xrjygy.pe mop cam cab

HP 9 S xx 1 R

TIER y
also denoted x

The composition x he gives
the desired

map The independence of the specific
choice

of 0 follows from the fact
that O is unique



up to chain homotopy

Let de HPCx BEHL 7

Fix a ring R for coefficients omit from
notation

Question What is the relation between

Lx Be HPL xx 1 and Bx Le HPL xx

We'll identify XXIII xx using the

obvious map
T XXL LXX

x y Aly x

Consider the following diagram
S xx 4 It s x S 1

dtc ft
S Lxx É S 1 OS x
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at
axob

Exercise T is a chain map

Consider the composition

te Oy Te This is a chain map

S xx S Mox S 14 It is natural wrt

maps X
3 1,1 311 and in degree 0

this map does x y xoxy
Conclusion By a previous theorem

there exists a chain homotopy

to Oy x'Tel Ox y i.e there is

an operator D S xx 1 S Was HE
St

To Gy etc Ox D J FOOD

We now pass to cohomology Let

f e SP x ge 5911 be cocycles



Let's calculate

T g
x f

Eg It TtfÉggj
ettins

mfgof 0,7 mo goof tax Te

f 1 PL mo fog to Oy xo Te

L 1 PSEM fog txytm.lt EED
The 2nd term in the C it is

a coboundary because f g are

corycles So lfog7 jo

andmoffoxg oD2 Is molfoxg oD

TEEJ A Pdf xCg

skew super
We proved commutativity



PROPOSITION

F Le HP x R Be H2 4 R we

have Lx B L 1 PL T B x2

The operation that we will use most
in the remaining weeks is

the cup
product
THE CUP PRODUCT

Let X be a space Fix a ringof coefficients
R We'll define an operation

HP x R OrHa x R I HPL X R

ROB to a UB

Consider the diagonal map
d xxxx d x x x

Define duB d axp
the operation is independent of the

choice of 0 in cohomology

sara


