
PROPOSITION

F Le HP x R Be H2 4 R we

have Lx B L 1 PL T B x2

The operation that we will use most
in the remaining weeks is

the cup
product
THE CUP PRODUCT

Let X be a space Fix a ringof coefficients
R We'll define an operation

HP x R OrHa x R I HPL X R

ROB to a UB

Consider the diagonal map
d xxxx d x x x

Define duB d axp
the operation is independent of the

choice of 0 in cohomology



Cup product is graded commutative

L U B L DPSPu 2 KLEMP x R
B EHS X R

Proof of gradedcommutativity
au B C 1 P B UN KaeHP x BEHICx

B U d d B x 2 L 1 Pad T axp

T xxx xxx

x y H ly x

But d at to d Idt because

To d d So

Bud CDPS d xx B L DPG a UB
Bh

We defined the cup product using the cross
product
It turns out that the cup productalso

determines the cross product



Cup product on the level of cochains
involves the dual of the composition
S x s xxx s x Qs x

Any chain map S x S x OS x

which is natural in X and is

the Obvious Map Xo t Xoxoxo on

O chains is called diagonal approximation
It can be shown that any two diagonal

approximations are chain homotopic

Taking a diagonal approximation with
front back faces of simplices Alexander

Whitneydiagonal approximation leads

to a more concrete definition of the
Cup product as presented in Hatcher

THE CUP PRODUCT MORE CONCRETELY
Let O E Ken Regard the standard



n simplex Orfeo en as a map colon
so as a singular simplex of the

space on

The front k face of on is the

singular k simplex
ee ers ee ok on

eine for 1 0 k

The back k face of on is the
singular k simplex

en k en ok on

einen k ti for 0 0 k

EXAMPLE ez back1 face
o

II

Efaw



Note the front k face and the back

n k face share a single vertex

ee ex ex sen Ge Sn x

For a singular simplex G on
x

its front back k face is

GoLeo ed b Cena en

U maps cocycles to cocycles and

induces a product on cohomology

LEMMA

For desk x Be se x we have

scaup S a U B C 1 Kau SB



PROOF

Let G E Sk text x

3 du B 2 au B COZ

It c 1 i CauB 6 ee éi seared

I C 1 i Pla Leary Raed

Éj 1 2 20 ear end B Z Cenfi fail

for é kt1

Eh172120 jei.ec 2 CeaHB12Cem

C 1 k aus B Z C 1 26Lee e.IS oErrkaed
thesign comes fromthe outside

for i K

C 1 k 2 6Lee ed B 60 Eka platen

the two extra terms in dark green
cancel The rest of the terms are exactly
the same as above



COROLLARY
1 U Zkx ze zag

cycles

2 U Bkxze u ZkxBe e Bkte
3 Cup product on cochains induces

Cup product
in cohomology

U Hk x x he x Hkt x

This product is associative and

distributive

4 If 1ER is identity element

hen Tete x R is also identity
element for u 9 given bycocycle with value
y the same 1 on all o simplices

normula defines also relative cup product

Proof
1 If 52 0 and SB O SCauB D

2 If 2 3M du B sp UB
S mu B Imu SB



3 Need to verify that Cup product
is well defined on equivalence

classes

at SM U B L up SC
p
distributivity

Associativity distributivity is clear

on the level of co chains it passes

to cohomology

4 1027622 112 ee 212
a 2

5 Sh X A consists of cochains

vanishing on simplices an A

Consider u Sk x A x se x sktecx A

If Ge Skye A ESKCA

au B Ca IEP BC8 7

O



Since cup product is associative distributive

it is natural to try to make it the

multiplication in a ring structure
on

cohomology groups of a space
X

For this we define

H Cx R Gott x D

Elements of H Cx R are finite sums

Edi with die H x R and the product

of two such sums is defined to be

Edi f Pj Eg hiBj
This makes H x D into a ring
with identity if R has identity
see y of the previous corollary

This ring is
called the COHOMOLOGY

RING



Taking scalar multiplication
into account

it is actually an R algebra

Coefficients may be in any ring R
which we usually suppress in the notation

THEOREM
Let R be a commutative ring
Then Ht X A R u is graded

commutative i.e for de Hk X A

B e HE X A Qu B C a Ke Bud

Follows from the general cup product

statement

THEOREM NATURAL IT OF CUP

PRODUCT

Let f X A by B be a continuous

map of pairs Then the following

diagram commutes



HK x A XHE x HKTECX A

If x ft Mf
HKCY B XHe 4 MKAY B

le ft dup f auf B
Proof
f S x S I G fog

fo 5 y S x a oof

JC du B Z au B fo 8

2 f f lo ed B fo do er plated

fold 6 er ed F B 2 Lek lol
f 2 Ufc B z


