
 

CUP PRODUCTS CLOSED SURFACES

CLASSIFICATION THEOREM

Any closed surface X is homeomorphic

to either S a connected sum of n tori

nt n 21 it n is orientable or a connected

sum of projective planes MP met if

P is non orientable X is connected

The only interesting cup product is

H x x H x I H CX

Graded commutativity Bu 2 20 B
we also say it is skew symmetric

22 2 u 2 22 222 0

22 is a 2 torsion element

same thing holds if
we have elements

of odd dimension

x v52 H S2 277 0 H1 8,277 0
follows
from UCT



Remark

XE NT NZ 1

X admits a structure of D ex with

4h 2 simplices
X Un gon n

vertices PanPan Npan Ps
by

p

Éa



After identification all points become

equivalent g homology classof P Canyvertex
Ho x 2 P works

H x 0,112 Ail AZ bi

Hz x 27 I 5 2 62 23 2 25 Gun

Since all of these groups are free

Hk X I Hom Hk x 27
UCT
homology groups

are free

H x 27.1 1 function assigning
1 to any point

H X GI ZELDA ZEBA
a Ca

t

BI bit



8 Ps
the cocycle condition
so for each triangle p

V
p

Evo K V2 the Pan

On Evo Vr and Va Va

equals its value on Evo vz Same

for Bi
We can choose

a 1 on an PoPz Po Pz

0 otherwise

Bu 1 on bi PoBJ PoPu
0 otherwise

similar for all Ai Bi i 1 in

H2 x 27 A Matt



Since no 2 torsion in tf 7 i p
2,32 0 B 0
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Quench
Lffront faceb B braceface2 i

1 1 1

We continue get

a t
Bian 0 0 1 0 0

Why is this not skew symmetric
They're not the same on the cochain

level In cohomology they should differ



by a sign 81 222 2utart

We compute LauBICE 1 QU
BERI

Pthis really is
the dual

Bruhn t 1 Rude p

SUMMARY
L u B MJ BiJu a it in
all other products vanish

hi u Lj O BIJU Bj 0 tip
a u Bj O B 043 0 for it
XIMP M 21

X admits a structure of O complex

with 2m 2 simplices X 2m gon n

192

am
a

Q q q



vertices Qian 02m

22 coefficients
Ho x 272 Z On

He x 2723 7922Cai

Hz x 272 2215
t IFGi lot 291 ai o

Also

Ho x 2727 272.1

Ht x 272 ÉZz ai
4 1 on an CaoQa

0 otherwise

H x 272 REM ME



Rudy 6,1 0 RULE L

404,7621 1 LULEA

SUMMARY
a u a a

l MT Et M

a u 4 p for i j
Z coefficients

Hi x y 72cm i 2

IZ Bi it

271 6 0

We can compute Cup product on

X D either directly geometrically
as before or via comparison

with 2 cup



geometric

BiTit M t
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Ruby QeQ3 Qu 1 BUBI T 2

B d Both 20
Brea Q1 BEG QI
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BUBA EQQuQ37 2

algebraic comparisons with Zoff

Coefficient homomorphism 4 27 222
nan mod 2 induces a cochain

map Ye S x2 75 x 2z and

is in turn a homomorphism on



cohomology y H x2 H x 272

H x 2 XH x D 444427 2721J
14 1 I id

H x 2221 4 127277421 22 22 O

What this tells us
Since B evaluates to 1 on Lai

and to 1 on Ait

Y C BP Li Lit a Laid

From the commutativity of the
above diagram we get

B BP Bi UCB

I 4 4 II
Chiltlaiti g Caja a Ju a t

Li Jaja aidOLD A DUHD



We may assume i Ej since changing
the order changes the sign which

can't be seen mod 2

j 2,72 21 122527 0

j ite Cait UCap EMT
j it 1 0

SUMMARY
BIJU Bird MI Bit UCB

1 1 M 2

BIJU Bj 0 for li jl s
EXAMPLE
Product structure can distinguish

homotopy type when groups
fail to

do so

X S XS T

H x É 272 É nontrivial
product au B M

27202ps Ep



I S vs us
H y 23 4222
product is trivial

D complex structure

P

Simplicial chain complex
0 727161,61722194,4 a b 27 Pop PIO
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Pot pit pot Petit Pat
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