
 

MANIFOLDS POINCARÉ DUALITY

DEFINITION
A topological manifold of dim

n is

a top space M s t

M is Hausdorff
Axe M F a nbhd UxCM of x and

a homeo Y R Ux
T called a chart around X

wlog we may assume Yy o x

second countable to we won't need this doid

z

ed

EXAMPLES
M IR or M open subset in Rn

is a manifold



M S We can cover s by two charts

SMENY SNES Another option W 2n 2 charts

Unt xn Xna esh i xi o

WE Ca Xna E Sh xicoy
it 1 htt Wit w Int B CD a Rh

this option is great because it gives charts

on IRP take g ut g wi

q Sn Rpn glut isRP

y y axes
a no

IRP is an m dim manifold

My ha dim manifold
Mz na dim manifold

MaxMz is an Marmo dim manifold

so T Six six xs is an m dim mnfd

A 2 dim manifold is called a surface

This includes connected closed surfaces



2 we discussed in

the Examplesof Cup
Products section

M Op is a 2n dim manifold

Cover EP by charts Ui

Ui Ezo An Zito cap
homogeneous

Wi 30 he Ran f coordinates

Zo Zn HÉ É Zz

LOCAL ORIENTATION
Let M be an n manifold Let Xe M

Y IRFU a chart around X

MYXIC MIX
pM
excision

usingY
t

Hilux Ux Ex FHi R Khoy



I Hit Rudy IHI Sh

Pbecause HCIRn O

Hi CM MIX 0 Kith and

Hn CM MIEXT infinite cyclic group
27

We call Hi M Mix the LOCAL

HOMOLOGY of M at X

DEFINITION
A LOCAL ORIENTATION of M at X

is a choice of a generator

Mx E Hn M M x

in
infinite cyclic
group

F exactly the possible local orientations

Mx Mx



REMARK image

If Ux CM is a chart then jux

induces local orientations guy for

all YE Ux
Indeed fix Ix Rn Ux let ye Ux and

let Bo CR n be a ban that contains

both 45 x Yy ly Put B Bo cUx

Then HnCM MIEx Eth Rn IRM y x

E Ha IR IRM Bo HnCR IRN ly
E Hn CM MIEy
The composition of these eso's gives
us an eso

HnCM MI X HIMMI YY

NOTATION ACM Subset We'll write

Hi MIA G Hi CM MIA G
the local homology of M at A



for 9 27 We omit G from notation

DEFINITION BALL CHARTS

XE B C UCM

to xp aHint
Bite Bae Rn Y

HEEBer
Let BCM be a ball chart

Hn M B EH CIR RMB D EZ
depends on Y

KyeB we have

HnCM MIB Hn M MI y

Hh M B Ey Mn M ly



Kx x e B we get

th MIX Mn M x

E
Hn M B I Lx

ORIENTATION
Let M be an M manifold An

ORIENTATION of M is a function

Max to guy with Mx E Hn Mix

that assigns Axe M a local

orientation jux sit Axe M F

a chart U around x and a

ball chart Bou s.t



HI MI B

MCM x
Itn
Mlg

Lyle jux guy Ky EB

Or in other words Fu C Hn M B

a generator
sit Ly MB My tytB

If an Orientation on M exists

we say
M is orientable When

we fix an orientation we say
M is oriented

ORIENTATION 2 SHEETED COVER

we do not require that
a covering

space X I is connected

Let M be an n manifold



M Cx Mx Xen sax is a

local orientation of M at X i.e

Mx E Hn MIX is a generator

p A M p x Mx x

2 1 map p x CxMx x up

Topology on M Let BCUCM

be a chart and a ball chart

Let MBE Mn MIB be a generator

H Xe B we have an iso

Hn MLB Hn Mix

Put W Gu x Mx Xe B Rx 44,3

The sets W GurlJugu form
a basis of a topology on

MN

exercise



Moreover p MSM sends Wgu
homeomorphically onto B

Aron M is an m manifold

p is a 2.1 covering

Moreover M is orientable

Indeed an orientation on M
is given by
x a HATEHn M x y

112

AnCWGus x Mx
112

Hn BIX EH Mix

Where ja corresponds to MY

Mx under the above iso



THEOREM

Assume M is a connected n manifold

Then M has at most two connected

components Moreover M is orientable

off M has two connected components

In particular if M is simply
connected or more generally if

Tn M has no subgroup of index

2 then M is orientable

For the proof we need the following

LEMMA

Let pix I be a 2 b covering
with 1 path connected Then

X is path connected if Fa loop

on in 1 that lifts to a non dosed

path in X

h



X can have at most two path conn

components When it has two ie

X X u x then ply X 7 ply X't
are homeomorphisms

We'll first prove the theorem

Proof of theorem
Assume M is orientable Fan

embedding j MGM coming from

a choice of orientation

j x lx jux
and j x x gux j Mott

Clearly j is also an embedding
Also im j n im j p
M j M I j M

Conversely suppose M is disconnected

M C I Cz By the lemma



Plc C M is a homer and

we obtain an orientation on M

Now if IT M has no subgroups of

index 2 any covering
2 1

X M is disconnected be path
connected coverings did are in

1 1 correspondence with subgroups

of index d of Tn M

my

Proof of Lemma
Let pix I be a 211 covering

Take yet p ly xx since p X 1

is a 2 sheeted cover We have a path

M from G to Xz

Pop is a dosed loop
x

while its lift is
y

1
a non closed path



Conversely suppose M I X is a loop

with M o p 1 X E I and

p is a lift of p with pilot Xo

T 1 Xo Xo Xo Now take any

point I e X Put X p x I is

path connected so take a path 2

in Y with a o X a 1 Xo

By lifting 2 starting at T we get

a path from I to one of X or x

But Xo X are in the same

path connected component of
X

I is also in that component

this proves statement 1

Suppose X
is not path connected

Let x be a path connected comp



of X Obviously A 2 points Xn Xz EX

with Xi X we have p xD p x2
otherwise we'll have a non closed

path in X which projects under

p to a loop in 1 Contradiction

by Also p x I because

given ye I just choose x EX put

Xe p xd take a path M I y

with Mco Xo Mcr y and
now

lift M to a path J I X

with M o xd then FEDEX

plot 1 Ly So p X I is

1 1 By the definition of a

covering space p is a local
homes p is a homed The fact

that IT x 2 is straightforward



ANOTHER USEFUL COVERING SPACE

Define My x ax X EM Leth MI
dy is not necessarily

a generator

p My M p x Lx x

Topology on Mz
Let BCM be a ball chart

W CaB X A ENT z
Xe B Lx 2B Lx

This is a basis for a topology on

M Inside My we have Moe M

x d Xen

the rest of My consists of an infinite
sequence of copies Mk where

ME X Lx XE M Lx is ktimes a

generator of th MIX

K KE E



DEFINITION
Let x't

byagreeing

A section

s L x is or continuous map

s L X st pas idx

so an orientation on M is a

section M MDM Or a section

2 M Me with 2 c Hn MIX
X T Lx

a generator Kx
A further generalization
Let R be a commutative ring with
a unity le R

Mn M x R R
f free

R module

of rank 1

A local R orientation at x is



a choice of a generator her
ie R R m

unit invertible

Of course two generators u ver
elt

differ by an invertible element

V G u GER invertible

Define Mr Similarly to Ny
DEFINITION

An R ORIENTATION on M is a

section M M MR St Exe M

Mx is a generator of Hn Mix
R

Exercise this definition is equivalent
to the previous one for R Z

REMARK
Hn Mix R Mn MIX OR

inside Mr we have MnCMr trek
guy is the x In On X EMgen of HnMix



Note that if 2h0 ie r r then

MY M If 270 MT x M
Conclusion

If M is orientable then it is

R orientable for every ring R

Let M be a non orientable

manifold R a ring with a unit

of order 2 ie 2 0 in R M is

R orientable In particular any manifold

is 272 orientable


