
 

THEOREM

Let M be a compact connected n
manifold

If M is R orientable then the map

Hn Mir Hn MIX R ER

is an iso F X EM

If M is not R orientable then

Axe M the map

Hn MiR Hn MIX RFR

is injective and its image is a ER za o

Hi MiR o ti n

So if M is orientable then Hn Miz 22

If not Hn M 277 0

REMARKS
Suppose M is R orientable and let

µ be an R orientation Let XGM



and consider MxGHn Mix R By 1

of the theorem weget a class
axe Hn Mir

sit at guy Consider Y
EM lying

in the same ball chart as x

HnCM R

Hn Mix R
nCIB.IR HnlMly R

Consider My e Hn Mlg R coming from

je Ly ax guy
If M is connected all the above

works even if X y are not in the

same ball chart

Also if a e Mn MiR a generator



Max is Mx Lx a is an orientation

So R orientations on a compact

M a generators of Mn Mir
A choice of a generator in case M

is compact and orientable of

Hn M R is called a FUNDAMENTAL

CLASS

NOTATION Let M be a compact

R oriented n manifold We denoteby

MI EHnCM R the fundamental
class

corresponding to the given
orientation

If M an M manifold has a class

at H CM R sit A induces an

orientation by X thx a then M

is compact
PROOF
Let 3 be a cycle representing a



Clearly im 12 compact
Rumors of the
images of the
simplicesparticipating

in 6

So it XeM im z

6 O E HnCMIX R

Im 8 M
Da

To prove the theorem we need the

following lemma

LEMMA
Let M be an n manifold Let ACM

be a compact subset Then

If Max is Lx E Hn MIX R

is a section of MR M then F

a unique da e Hn MIA R St



LI LA L F X EA

Hi MIA R o ti n

Proof of the theorem assuming the lemma

By assumption M compact so we can
take A M in the lemma

HK MIA R He M D R Hk MiR

3 of the theorem follows from

the lemma
Denote by Mr the set of

sections

Mr M Note that Mp is an

R module we can add
sections and

also multiply a section by her
a

exercise these

operations preserve

continuity
We have a homo Hn MiR 5 Mr



HhMir sa f MIX A Ly la e Mp

By the lemma 0
is an iso

Pick Xo EM We have a restriction

map P Pr Hn MIX R MR E R

p is injective follows from uniqueness
of lifts in covering spaces
If M is R orientable then p is an

bio Mr is isomorphic to R copies of

M one copy of M for each
0 re R Each section is a

a p
on

M
determined by the value

HnCM.pt iHenfMlx R R

is an iso Fx EM

If M is not R orientable then

Pr 1 Mn Mix R is only injective



Clearly im p a c Hn Mix R a a

because trek with 2h0 we have

MY art If M is not R orientable

it is not Z orientable

Exercise finish the details as an

exercise
Be

To prove the lemma we need the

following version of M V LES

THEOREM
Let X be a space IC X a subspace

Let Q R C X s.t
Int Quint R X

S Y Cy Int Su Int Y

Then F a LES

IH x 2



Where I x x x 4 x y xty
The theorem works with coefficients
in any group

PROOF
see Hatcher

COROLLARY
Let M be an M manifold A BCM

compact Then we have a LES

HIM AnB
PROOF
Take Q R M X I MICANB
S MIA T MIB

B

NOTATION BC ACX

Hk XIA Hk x 1B



The map induced by the inclusion

x XIA X X IB

PROOF OF LEMMA

Step 1 If the lemma holds for two

subsets A B their intersection then

it also holds for the union AUB

Proof of Step 1 We use MV

HIM IAMB 3

As HK MIA AB O K K Intl by assumption
hence we get an exact sequence

HnCMIAMB

2 2 2 formally Laur

I K B Lt B C H 4 Ca B

We know by assumption that

HK MIA HK MLB D KK Intl



Hk M AUB O K Kent 1

This proves 2 of the lemma for

AUB
If X Hh x is a section of MY M

then by assumption FLAGHn Mla

2B E Hn M B St La x A dy
AXE A

LB x 2B dx TX EB

Consider LanB La AaB a

AIB LB Ang 2B Clearly
LAMB x LAIB Ly LanB x AMB X

K X EA n B

By the uniqueness assumption
we have La And Cda LB An B 2B



Kan
B TMB

Denote LanB dank da B

Clearly I Can 2,31 0 By exactness

of the MV sequence
F daube MnCMI AU B Sit

I ChauB La 2B

LAUB x daub X V X E AUB

Uniqueness

Enough to prove that if

LAUB x 27 0 U XE A UB

then 2 0 Indeed it Laub 27 0

Kx e AUB then La LAUB A 2



213 LauB B d also satisfy

Lax LA O TX EA LB Lp 0

AxeB By the uniqueness assumption
we have 210,43 0 But

da LB I a OI is injective

2 0 this completes the proof

of step 1
Step 2 We'll reduce to proving the

lemma

to the case M IR

If ACM is compact A A V UAM

with Ai compact ti Aic ball charter

If the result is true for Anu UAmy
also for Am for unionof m t compact

sets eachcontained
L in RCM D

Anu UAmMAM Annam U U Am Am
then by step 1 the result holds also



for Anu UAm So by induction on

m it is enough to prove the result

for M 1 i.e AC ball chante M

Assume that A Int Bo UCM
22

htt Int BMR Ern
n ball of
radius R

By excision Hh M MIA

I Hn M M Int B MAI MI IntBD
e Hn Int B Int BIA E Hn MIA

the isis here are induced by
inclusions

Step 3

Assume M IR ACM is compact



and A A V U Am With Ai

convex for all i If M 1 A convex

then Hn MIA th M x for any
XE A the inclusion thshansspterfantare
Rn RN xD Rn IRMA is a homotopy

equivalence If A Ano V Am with

Ai convex then use induction on

m and the previous steps

Step 4
M Rn A c Rn is an arbitrary
compact subset

Let de Hi MIA Let z be a

cycle in Si IM MIA with L Z

View z also as a chain in

Si M and let C union of images
of all the sings in 22



So CC MIA Clearly C is compact

Sime A is compact

and C too

750 S.t Epee É
LEA
dist p g 25 Now Cover A

by finitely many closed
balls centered

at points of A and with radius

Denote the union of these balls by K

Note that Cc Mlk Z is also

a cycle in Si M MIK Put

4k Z E H M k gk
is a finiteunion
of convexsets balls

If i in then by step 3,4 0

N Lk A 2k O Hi MIA o to n



Now let Xxx be a section Mr M

M Rn Assume that Ax La x KXEA

for some a Eth Rn la We'll show a

is unique Enough to show
that if

4 0 VX 2 0

CLAIM Assuming 25 0 Axe A implies

ax D AXE K

Proof of this claim
If Bek is one of the balls forming K

then Mn Rn B É Hn IR x is

an iso txeB

4 0 H X EA 4 0 K XE B

4 0 Axe K This proves the claim
B

Now define d ke Hn Rn IK as before



By Step 3 we get 2 0

L Lk a 2k 0 too This proves

uniqueness of 1 of the lemma

EXISTENCE

Pick a ball Bln with Int Blt 2A

By step 3 F a class rt

with LBW der dy AXE Blt

Put da L Ben A Ben Ba

closed manifold compact manifold
without boundary

THEOREM

Let M be a connected non compact
n manifold Then Hi M R 0 ti 2h

Proof
See 3.29 in Hatcher



THEOREM

Homology groups of a compact manifold
are finitely generated
Proof
See Corollaries A 8 A 9 in Hatcher

COROLLARY
Let M be a closed manifold of dim
n and assume M is connected

If M is orientable torsion tenFM 0

If M is non orientable torsionHmM 22

PROOF

Recall UCT
R T CH M R SO



O Hn M OR ten MiR Tor Hm M RIO

torsion Hm M QI Bei li 22,820

Cred means torsion 0

Assume M orientable If torsion Hmm 0

ie v21 choose p prime sit plea
Take R Zp
0 Hn M Zp MnMep ÉÉqEep

0

Ep Ega Cli p

O Ep Ep 32pA 0

This is impossible

Assume M is not orientable

Take R Zm

CLAIM
Cem



PROOF

m odd M is not Em orientable

because t Of re Em Mr E M
M even 72 M is not Zm orientable

We get from UCT

Hn M Em HnCM Em ÉRgcdlim7
T

Take m odd godCli m 1 This

holds for all m odd li 2 ti

For m even Hn Mi2m 272

hence E agedCei m 22

2 1 4 2 torsion Hn M 22


