
 

THEOREM POINCARE DUALITY
Let M be a closed R oriented
n manifold with fundamental class

MI E Hn MiR corresponding to

the given orientation Then the

map
PD Hk Mir Hn Mi R

x an EMT

is an isomorphism of R modules

for all k previous theorem
follows from
this

the map Hk MiR Hn K MiR
is called the cap product it

is what we take a look at next

CAP PRODUCT
For an arbitrary space X

and



coefficient ring R define
an

R bilinear cap product
n sklxirlxselx.IR Sk eCxiR

for Kal by setting

Gay 41816 see Lee see

for G O X and Yesecx R
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COROLLARY L cycles

1 n Zk x Zl Zk e
2 n BkxZe Ml Z xBD E Bk ek
3 cap product on the level of chains cochains
inducescap product

n Hklx R xHeCx R HEX R

which is R linear in every variable

PROOF
1 From the relation 2144719604 6h54
it follows that the cap product of a

cycle 6 and a Coeyde Y is a cycle

2 if 26 0 then 21604 118054 so

the cop product of
a cycle and a

coboundary is a boundary

If 54 0 212 n4 I 2604 so

the cup product of a boundary and a



cocycle is a boundary
Is a consequence of 820 pg

Relative forms of the cap product
also exist

HkCxAir xHe x R Hk e x Air
Mk X AIR xHe x AIR TH k e x R

PROPOSITION NATURAL ITI OF R

n is natural Wirt maps in

the sense that K spaces X L X 1

YEAHH deHk x we have

a n f f an f y

HKD XHe x d
Hk e x

fy f Mf Jf
H G xH Hae

Exercise



EXAMPLE SURFACES
For n manifolds that have the

structure of a D complex we have

an explicit construction for a fundamental

class Consider the case with 2 coefficients

In simplicial homology
a fundamental

class must be represented by some linear

combination Kibi of the n simplices

G of M Because the fundamental
class

maps to a generator of Hn Mix 2

for points in the
interior of the Zi's

each coefficient must
be It The ki's

must also be such that Ek is

a cycle if 2 6j and Gj share

a common Cn D dim face then

ki determines kj vice versa thisb



ORIENTABLE SURFACES
X NT

X Un gon n

vertices PanPan Npan
M Ps

by

p

i

PD H x H x
H'A H x c p
Ho x HIX c T

x ETI E 61 62 63 but

to d 824 41222Pa I G Pap 1 by

t a Big 630 By B 16 Popa 6,2PaPF 1 An

PD linearity

PDQ bi
geometrically
the loopsdi bi

PD B a
I are homotopic

so are the loops
Bi ai



NON ORIENTABLE SURFACES

Zz orientable

XI MP M 21

X admits a structure of O complex

with 2m 2 simplices X 2m gon n

he 192

vertices Qian 02m

22 coefficients It batbat band

Th 91 6274 L ZzQoQz3 ZzCQzQ3
1 Ay

Indi 1 ai Mai is the Poincaré

dual of di geometrically
the a loops are homotopic to ai



Comparing definitions of n and

u we see that the composition

Site FR

is the same as

sk x x se x xsktelxl idsktelxxsk.ir
so

Blind Lau B a

Hence PD induces a pairing
Hh K x xHK x R

B LIABLE na B Ex


