
 

COHOMOLOGY WITH COMPACT

SUPPORTS

Let G be a group of coefficients
S Cx G Define S x G CSEx G
As follows

Ye Si x g is called a

Cochain with compact support if F

compact subset Ky C X st 4121 0

K chain b in Xl Ky
Sci x G compactly supported

Cochains in six D

Note that if Ye Sc x G

3YES x G because 54127 4126

and if Z is in Xl Ky then

26 is in Xl Ky So



Sj c g is a subcomplex

We write Mi lx G Hi s x G

We call it COHOMOLOGY WITH
COMPACT SUPPORT

Let Gaya be a collection

of abelian groups indexed by a

directed set I this means I

is partially ordered
and th BEI

F me I sit Mad and Mep

Suppose we are also given Kae B

in I a homomorphism

Jpa Ga 3GB St

fax ut ta if 22 BEM then



Fma fmp fax We call such a

structure a directed system of groups

Define a group ligg
Ga as follows

Consider Lf Ga Define an quivalence

relation at Ga be Gps are declared

equivalent an b it F m 22 Bst

fma a fpp b
in category

III Ga Ye Gy
t Ieory

CLAIM

411Ga
is an abelian group If

AEGa beG p then
a b a'tbt

where a f a a b fpp b for



Some M 22 B

Exercise check the details

REMARK If JCI is a subset

with the property that
Kat I FBEJ

with B 22 then

bigGa YEE
Ga is

an too In particular if I has a

maximal element M i.e just Katt
then LingGa Gm

The inclusions Ga Be Gon induce
homomorphisms in Gatlin GM

FBI d we have

Ga I

frag É likeGm



Note also that kg alia Ga F LEI

TaeGa sit g ta ga
PROPOSITION

Let GaJae fba pay
be a directed

system of abelian groups Let
A be

an abelian group and ha GAA

LEI homomorphisms St VB 22

ha fpa ha Then 7 homo highlyGPA

sit hoi ha k LEI



Moreover inCh L im Cha and

kerch Ye in Kaha

COROLLARY

h gig
Ga A is an iso if the

following two things hold

Fat A F LEI ga e G sit ha ga a

If ha ga O then F B 22 St

Fox ga O

PROPOSITION EXACTNESS

Let Ga Gay Ga a I

be directed systems of
abelian groups Suppose KafI we have

an exact sequence



Ga Go G

and that FB 22 this diagram is commutative

Ga 4 Ga Ga
fo's d Ifa d fig
Gp GB Gp
Ip Ip

Then fineGa LEEGa EEGa

is also exact

Exercise

Back to topology
Suppose X Lf Xa and that KB 22

we have Xp 0 Xa Then the groups

Hi Xx G Tact togetherwith

Fpa Hilxa G H Xp G

form a directed system



Moreover the maps Hi xx G Hi x G
induce a homo

LEE
Mi Ga G Hi CxG

COROLLARY
suppose X L Xa

as above suppose

that t compact subset
Kc X F LEI

s t Xx 2k Then

LiftHiHiG Hi x G

is an too ti

Let X be a space The compact
subsets kex form a directed set

wrt inclusion because if kn KzCX
are compact then Kruk is also

compact A compact subset KC X



we associate

Hi X IK G HIX XIK G

If KC LC X with K L compact

we have the homomorphism

H x K G RIH X L G

induced by X Xk x XI K

CLAIM

Hi x G slim H x 1k G

KC X

PROOF

compact subset kex we have an
obvious homomorphism

Hill Kia H x G

defined as follows

hi si x XIK G Sic X G



Let Yes lx XK D ie Y Sid G

then

Y six sigh G

is a cochain with compact support

9161 0 for every chain box 1K

Define hi y f es'd x G

Clearly this is a chain map

it induces a map

hk H x1k G Hi x G
Now he RL k the F KCL compact

We get h linnHi Alki
G Hd xie

Kc X

Denote by ik Hi x k g lim
H AlkiG

KCX

the maps that come with the construction



ap

of direct him

We'll show h is injective Let aekerhk
Suppose a 47 hi Cal T where

F Si x Si
m
IG

Since hk a o F co chain I S G

with support in some compact

K C X s t 4 102 Clearly Ekta 0

because Ryuk 477 0

ik Kesha 0 Keith O

h is injective
We'll show now that h is surjective

Recall imCh U im Chk
KCX

Let belt'd x G and 4 Si x G

b y Assume 4 is supported

in the compact subset Kcx



in p

Us XK 0

y induces F S
xu

G

and F 191 4 b hk EY
pg

EXAMPLE

HE Rn G

He rn g Eling Hi Rn IR IK G
KC IR

Flinn H IRN IRNBCR G
BCR

But
Hi Rn IR IBCR G I

follows from LES for CIR IR IB R



K RnsR we have that

H IRNIRNB R G is iso

HE can G a in

O ith

Compare H CR G E it
Hi Crni G E Yo


