
 

Let M be an R orientable n mnfd
not necessarily compact Fix an

R orientation gu on M Define

PD HI MIR Hn K MiR

H KCL CM compact subsets we have

HK MIL R x Hn MIL R

Rak Lak ik L Hn k Mir

HKCMIK R x Hn MIK RF
By a previous lemma Fluke th Mlk
gu Eth MIL Sit Lk x yuk Mx
Axe K LL a Mx AXEL

By the uniqueness of MK ML
we have ik L ML guk



By naturality of the cup product
we have an i gu i and
M MILI M MIK is the inclusion

if dik L it RL K

So we get a nut RL Klara
The homomorphisms

Hk MIK R Hn K MiR
x Lok

induce a map Mir

HE MiR

We denote this map PD Mir HhEmir



For the proof of PD we also need

the following lemma
LEMMA

Suppose M is an R oriented n manifold

and Marlo V W V open Then F
a commutative diagram

ant

I PD an IPDua for IPDM I PDrear
Hn Kun Hn tu Otten d tenK m thigh

the rows are MV type of LESS AU

coefficients are in R

PROOF
Recall the relative MV Ix 1 AUBCUD

with CCA DCB and sit X int A u Int B

I IntCau Int D then



I HKCARBCOD

4127 12 Is a Ms B

4 BM Pls Aap MsCanB

We'll use this with A B M C MIK

D MIL where Kon LOV are compact

We get the 1st row of thefollowing diag

MIKUDEHKtYMIILexc

exfHnmyIitiiiin.HKUN KN HYUKAHKML

Janaka Hankel Ind f
Hndunn Hnfulatendr HIM Hahn

The bottom row is homological M V

The vertical maps from the orientation ie

Mine th MN Knt Meth VIL



MkeHn Mlk MULEHn Hulk ul

are the restrictions of the given orientation

to Kol K L etc

CLAIM

Squares 10,20130 are commutative

hence the diagram commutes

Squares commute on the chain

cochain level

HK IMI KUL HKYMIKAL

H Hereor I kn
A

f hmm
I e

I C a Man

Hn K M
Mn ki Unt

The map c Put C Mik D M L Let

5CDC S cud be the subcomplex

generated by the chains in C the



chains in D

D c
S
Mep Dt homCDR

D Cochains in M that vanish on the

chains in C and on the chains in D

Recall 5.9 s cud induces an

isomorphisms on homology

DE s M CUD S M M I Knt

O D Is M c os.CM D Is M end 0

a te la a

b c b b c

REMARK
From this sequence the fact that

HIS CM COD H D we get



the sequence on the top from the

beginning of the proof

How to calculate C CLI for a
cocycle des M CoD

1st step
a do do with Lee S M C apes MD

Note that Sae 54552 0

She Sdp

2nd step

Sac Sap 4G Ma SdeSdp

C a a She EH
KH DK IHH MIKAL

I this is not necessarily
a coboundary in D't
be de might not belong
to D Sac is in D't



We need to calculate c a nuke
Consider the class Mk at Hh MI KUL

the open sets UK Uav VIK

cover M UvV because UK u Uno U

U V
VIK Uluru v

Using standard Mayer Vietoris arguments

barycentric subdivision etc arguments

we can represent juku by a chain

X Xun t Xun t York
A A A

Snk SnCurr Sn Vik

Consider now MknE Lol Km juku
x e HnCM Mi Knt



But in Sn
Mhm kn

we

have Xun O Xv D because

UKC MICKA L
V K C M kn

Mint Xun

In a similar way Mke th
MIK

can be written as Mk Xun
t Xund

M Xun Xvi k Let desk M MY Knt

be a coyote We've
seen that

C a She So we need to calculate

5 Lon X un v

p
hemight not
be in SCanI kn

CLAIM
Shen Xun C 1

KA
L J Xun
The result
might not be

a boundary in
S Curvy



PROOF

2 do n Xuan San Xuan
t FIL na Xuan

Now do nXun r e S UN

Shen Xun C 1 an ox un JE HnED

SUMMARY
a I Sad

I am kn
f 1 Kt a e na Xun v

Consider now the other composition

of
an x

an x do Xun CanXun tan Xu k

A
chain in U chains in v

Exercise c an x 2 an x au



To finish the proof of the commutativity
of we need to show that

C 1 Lon 2Xanv7 2Can Xan
Indeed a fanXu x San Xu t f Man 2Xu

C 1
K CLe LD n J Xun

C 1 KLon a Xan C
ALEXA

R

0 because
Lp ESK M D D MIL
so Hs ay

0

C 1 Kae n 2Xu L
It remains to show

C Dk LAX unit CDK Len OXu JeHnKIM
V

Note guk Xun Xu d eHn M Mik

2 Xun to Xun eSn I MIK

Me



do n fo Xuan 2 Xun 0 because

do
s e

0

From we get
donaXunv den 2 Xun C 1 AlanXu

This completes the proof of 30

Recall
Let Ga Gay Ga a I

be directed systems of graphs of
abelian groups Suppose fat I we have

an exact sequence
Ga Go G

and that F B 22 this diagram is commutative

Ga 4 Ga Ga
fay d f fro d fi
G p GB Gp
Ip Ip



Then EEEGa LEEGa EEGa

is also exact

We'll apply this to the diagram
HK MIKU

d d
Hndunt Hindu

Otten
e G theCm

Apply gig
where Kou Icv are compact

CK L E K L M KICK L CL

CLAIM

him Hk MI KUL limp HK MIA

FL ACM
compact

Proof of the claim
K ACM compact F K CU LCU compact



S t AC KUL Just cover Anu by open
balls YBa with BI ch and cover

An v by open balls UpBp with BICV

Now take a finite subcovering of

YBI v YT that covers A this

proves the claim

CONCLUSION
GIG

HKIMI KUD HE M

Finally limp
Hk Un kn big Haunt

BarrK G compact

E Holland
This proves the lemma

B

Now we finally prove the PoincaréDuality



THEOREM POINCARE DUALITY
Let M be a closed R oriented
n manifold with fundamental class

MI E Hn MiR corresponding to

the given orientation Then the

map
PD Hk Mir Hn Mi R

x an EMT

is an isomorphism of R modules

for all K

PROOF

Claim 1 If M UuV and it PDu PDr
and PDuno are all isos then PDM
is also an iso

this follows from the previous lemma

and the 5 lemma Do



Claim 2 Suppose I is a directed set

and Maya are open subsets of M
St de B 02CUp Assume also

that LIU M If PDu is an is

for all 2 then PDM is
an iso

Hok Ua Eling HK Mlk
KcUg p excision

compact HK Mal K

Note that if as B we have HELD HEas
because SE Us Gsk Up if Korea
is compact KC Ua is compact too

Now lim HE Ua lim lim HKMal k É
LEI LEI Kay

compact
compact
sets in M
arejustcompactdim HK MIK I HE M sets in all

KCM Ua

compact



lim Hok Va E HE M PDM is
E LPD LPDm an

iso

lim Hnk Ua I HnKIM
LEI M

every compact
subset in M

must be contained
in some U2 we had
a lemma saying that in
such a casebig HIVE HIMB

step 1 M IR
Given a closed ball B we know that

Hn RhIR 1137 2 with generatorgu By
the

UCT h ten Rn RMB 2 Hom Hn RnRMB 27

is an isomorphism Then I a generator

a s t a yup 1 Then

I a yup Ava juts 1 angus

any is a generator of Ho IRN 27
Thus guts gives an isomorphism



Hh Rn IRMB Ho Rn for all B

Hence by universal property of direct
limit the map PDenis an

isomorphism in the case in The

cases it n is obvious since it maps
0 to 0

step 2 Let McIRn and assume M Yeti
with I finite all Ui convex open

By step 1 PDu is an iso because

Mi F IR Now use induction on III

Suppose I 1 K put

Vg U U UUg 1

By induction PD is an iso for Vg

VgnUg and of course Ug too

U nUg v u fugen Ug
r n a
convex



Since both Vg Vg nUg are unions of
at most g 1 open convex subsets

him
I claim1

PD is an ise also for Vga Vgung

Step 3 M Ye Mi with Ui open convex Rn

I is countable

WLOG I IN UKE IN put VK U U VUK

By step 2 PD is an iso for Uk Kk

Now M YenVK so PDM is an iso

by claim 2

Step 4 Mc IR is any open subset

The topology of M has a countable

basis consisting of balls So by step 3

we are done

Step 5 M I Vi with Ui homeomorphic

to open subset in Rn I is countable

we do not assume MC IR



The proof is the same as in steps

213,4 First prove for I finite by

induction on I and then for I IN

SUMMARY
If M can be covered by countably

many charts then
PD is an iso

Step 6 M a general noncompact

manifold that cannot be covered

by a countable union of charts

Use Zorn's lemma

T collection of all open
subsets MCM s t

PDu is an iso

Define W'su if a cu

If U Tae is a chain in T then

Leila is also in T by Claim 2



So every chain in
T has an upper

bound By Zorn's lemma Fa max ett

TT in T Now if V E M take a chart

U around Xo E M IV

PD u is an iso U is in T

Also Un v is in T because Una

is open By claim 1 Nur is also

in T Contradiction to maximality of
V

Be


