
Geometric idea of Poincare Duality
-

you saw last time what Poincare Duality is
.
Reminder:

ThM_ If M is a closed R- oriented topological manifold of dim n
, for any

coefficient ring R , there is an isomorphism

1-1%9 ; R) I Hn-ray ; R) Hk
PD

Poincare Duality

The existence of this isomorphism is not purely due to algebra
like the isomorphism in the Universal Coefficients Theorem was ,

but rather due to special topological properties of manifolds.

Def A top-End of dim n is a topological space M S.t.

1- M is Hausdorff (for any two points 2 nbhds of each which are

disjoint from eachother)
② M is locally Euclidean
*KEM 7 a nbhol UncM of a & a romeo Cfa : Rn≈ Un .

g. µ , µ, aan,⇒,, ,?⃝
Topology has a countable base

Eg_ • orientable topological mfld : tons

•nÑe topological mfld : Klein bottle
,
IRP? IDef A topological mfld is closed if it is compact and without boundary

⑤ closed not closed

motivatingexamplet.net
G-C-S2 be a graph , a= (v.E)

←
setof vertices set of edges

•



Assume G- is an embedded graph ie vertices are points on S2

and edges only intersect in common vertices .

Notation: Y = {vii. in } vertices

E- = { eij / ( i. j ) is a finite multiset of pairs i. je } 1 , . . .

,
n } }

ie edges can repeat

F = } fi , . . . , fe } faces of G- ie closures of components of SZIG

this determines a CW decomposition of s?

j• # 11--7

#E- = 10,g.) #F = g-

V4

•

@13

V1

One can associate the dual graph £ to G- :
• to a 2-cell

,
associate a 0-cell

• - 1-cell - 1-cell

•
- O-cell- 2-cell

Generally , to an i-cell , associate an Cn-i)-cell .

In case of G- as above , we get :

④Fd -Beautify



What did we do?

- a face fk in G- becomes a vertex f^k in §
,

which is an interior point of fk .

- an edge eij in G- becomes an edge éij in & :

◦ éij connects vertices f^k
,
& f^kz , where fk, and fkz are

faces of G- that have eij as their boundary ;
◦ eij & Éij intersect once transversally .

- every vertex vi in G- belongs to exactly one face of § ,

which we denote Ii
. this gives correspondence Vi ↳ Ii .

The dual graph & determines another CW structure on S?

Both G- & & can be used to compute the homology of S?

We want to see some connection between the chain complexes

of G- and of£ .

There exists a dvalising isomorphism D from chains

relative to G- to corelative to & :

G- : O- a d- a °_ co -00

I ☐ I ☐ / ☐

§ : O-

g-
C'
g-

C2TO

☐ ( i-cell) = Hon-dual of thed cell

By construction , D is an isomorphism .

to show it induces an isomorphism in (co)homology , we need

to verify that D is a chain map .

In other words
,
we need to verify the commutativity of squares :

D-0 = do ☐

to be able to apply 8 and 0
,
we need to Orient the cells .



G- Ovi -0 f 0-cells

•• 014--0

vi eij xj Oeij -_ Vj-Vi 1-cell

fm Ofk = eij -1 . . _ / 2-cells
✓ Ofm = _ eijt . . . .

Recall : for c*ECi=Hom(Ci , 2) , AECI-11
€

• Fk
☒c- Ci"=Hom(Cia, 2) ☒ (a) ᵈ=ef cicada)

Ti
Fi §e^ij Fj←

←

8×4--0 } dim 2 Ceaualtoo
^ OFF -0 because there

fm are no 3-cells)

8éij*= IF - IF / dint
This orientation is consistent

with the one on G- , but why do we have this ?
we wont go into how

exactly . 8e^ij*E C2 . If we can show that

the maps 8e^ij* and I agree
on elements of Cz =/vi. vj ) , we're done .

If (Ij) -9-1
IF CI ;) -91-0

de^ij*( Ij )=e^ij*(Oxj)=e^ij*Ceij)=1

Similarly for Ii , but with a minus:

de^ij*(ñi)=e^ij*(oÑi)=e^ij*fe^ii)= -1

of^k*=e^ij*+ . . .

8↑E( éij )=f^r*(Oe^ij)=fr*(Fr - fm)=1

8f*m = - Eiji . .
.

⇒ Indeed we get a correspondence of boundary maps DO=dD
.



to prove this formally , we'd need to check that the orientation in the
dual can be chosen consistently .

Remains

• The construction of the dualising map D works for a graph G- in

any connected closed surface ✗ (doesnt have to be orientable) , as

long as the faces of G- are topological discs ( ie G- determines

a regular CW decomposition of ✗) .

• For ☐ to be a chain map ,
✗ must be orientable .

If we are working over 22 coefficients , then this works also for

any surface call surfaces are orientable over 22) .

Recall : A surface ✗ is orientable if orientations of 2-cells can be chosen in /
such a way that any two 2-cells with a common 1-cell in the boundary
induce opposite orientations in this 1-cell t

u

I
F-

"

.

Exampte IT2--8×51 torus

:|Cell structure : 0+-0

b §① a 0a=V-4=0

4-Zorientabll Ob = 11-4=0

→ Of = at b-a-b=0

Dual cell structure : Fg Iain I 8*-0 (no 3-cells)

'⇐|^ d^a*=o oa^*a↑)= @
* 0%1--0

I ¥1 85*-0 85*(27--5704)=0

↑ 8f^*=0 off* (d)= f^*(Oa)=0
not an edge of * (5) =f^* b) =D



IEE : IRPZ = real projective plane

<
e

cell structure : 0×-0

de = V -4--0

IRPZ not orientable ×
•[

× Of= Zee-
>
e

not an edge

Dual cell structure :

,

,

_

-

Yei
' t

' % • §¥ !
i

/

"

'

-

.

.
-

_

'

why are i 's oriented like that and notn § n ?
Remember that we're in RPZand that there is only
one face I . So we can only choose the orientation once ,
eg on the left .

the orientation of the
"

right I
" will follow from the geometry of RPZ

I think about it as follows:

1. Choose the orientation of
<

e

the " left
" I

.

:ppi.in?..i
"

2 . Let a point p follow the

v •
!
•Fi • ×

Chosen orientation
.

i

€9 ! 3
. Deduce the orientation of
the "

right
" I

.ii tie



since RPZ is non-orientable , we expect to have a problem _

OF* = 0 (no 3-cells)

EE* = 24 * 88*(E) = e^*(OF)=e^*(2e^ ) = 2

of* = 0 OF * (E) = I* (OE ) = 0

In this case we dont have the correspondence between
0 and 8 under D

,
no matter how we try to Orient the dual cells.

Construdionofdualcellsintriangulatedrrmanifolds

we saw examples for surfaces .
But an analogous

construction works in any connected oriented closed manifold

that admits a triangulation by a simplicial complex K .

- dual 0-cells are barycentric of n-simplices

- dual 1-cell to Cn- 1) simplex T is the cone with apex the

barycentric of T and with base the 0-cells corresponding to
the n -simplices whose face is T.

§÷_Éb%
entire of a

1-

- deal 2-cell to Cn-2) -simplex t is the cone with apex the
barycentric of T and with base the union of 1-cells

corresponding to Cn- e) -simplices whose face is T

is equal to its barycentric);§
barren're 0ft (since c- is a point, it



(N0n-)exampLes_

What happens if we try to find a deal of something that
is not a manifold?

ia) :
&

Problem !

/ dual decomposition F) ✓ not a 1-cell

• •☆a.
.

! ÷
.

.

:¥•
.
.

.

1-dim simplicial complex

2)

dual decomposition not a 1-cell

÷ :

-

I
not a 2-cell

2-dim simplicial complex



topowgyofximposesrestrictionsonmetriangulationk.gr
) Xconipat ⇒ K finite ⇒ Coo

, ,
H
* ,
H* finitely generated

2) ✗n-mfI ⇒ principal simplexes (those that are not faces of
any other simplices) are all n -dimensional
otherwise ✗ is not locally Euclidean .

3) 011¥ ⇒ every Cn-D -simplex is a face of exactly
two n - simplices .

we get fundamental class with 22 coefficients

regardless of Orientability over 2 .

4) xorient-a.be ⇒ n-simplexes can be oriented consistently ,
so

that any two induce opposite orientation
in a common Cn- 9) face .

us corresponding homology class ( "fundamental class
"

)
is a generator of Hncx;2) and denoted [×]

5) Xn-m# =) K has only the simplices of dimension ≤ n
⇒ Hi ( X; 2)⇒ for i > n .

6) ✗(Pmfld =) dual cell of K- simplex is a topological disc

of dimension N-K
,
so an Cn-K) tell

If we dont have the PL condition , we still end up
with something which is homologicaly as good as discs
we can still use them for computations .

7) Xorientable ⇒ dual cells can be oriented consistently so that
D is a chain map.

Exercise :

Find the dual decomposition of a [solid) tetrahedron :

S0Ueh
dual 0-cell

- deal 1-cells
dual 2-cells


