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APPLICATION BORSUK ULAM THEOREM

THEOREM I Vector
valued function

Let fish 212h be a continuous map

F x e Sh s.t f x fl x

EXAMPLE
Taken 2,8 surface of Earth y at fitted

f x temple pressfy
to



PROOF IMPORTANT to Keep in mind

Let T X 1 Hi IRP 272722
be a 2 1 covering KOE ien

Let O X x be the unique deck

transformation sit O id So 0 x X Hex

Q O id

Example X S L RPh Syr y D x X

We'll Work now with S x 222

and S 11 272
Let a ok x be a k simplex

Ooa is a different simplex
Let 6 ok I be a k simplex in 1

I can be lifted to G ok X

F exactly two possible
such listings

8 and 008

IF a lifting since ok is simply connected
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Define T S 11 222 S x 22

I 58 08
this is independent
of the choice of the

lift 8

CLAIM

T is a chain map
Proof
Exercise

CLAIM

T fits into the following SES of chain
complexes



0 S C1 222255 x E s 11,2227 30

For the exactness it is crucial to work

with 22 coefficients Hot 87 26
Proof
Exercise

This SES induces a LES in homology

He 17 2

III EFIENSÉQUENCE

Suppose we have two coverings each of

them 21 X F1
X I'y

and we have the deck transformations

Q X x O X X

Let fix x be a map sit fo O O of



If is an odd map in theprevious example

x X

t it
f descends to f L 71

We get a map of SESs induced

by f F

O S 11 222 IS x 227 5.142270

If If If
O S 11 a Is x 227 5.1112270

Exercise check the commutativity of this
diagram

Take X S E RP X Sm y Rpm

0,01 are antipodal maps



THEOREM
Let dish sm be an odd map
lie Of x d x or equiv 000 060

Then n em

PROOF
Assume by contradiction that n m

WLOG assume that m 0 be if m 0

the statement is obvious I odd map
S so if n 20

Consider s Sm

Tt La

APE
RPM

Consider the LES discussed before for

Sm Rpm
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Hm RPM 22 Hmfsmi2277tlmERPM.EE

HIRPM 22771418722754 Rpm E

Ho RPM 22 H.CM227 te.CIRp722 0

CLAIM

I RPM E HaCRPM E2
is an Iso F Is Kem

z
injective zz

zzmapisisooHMCRPM.EE I'HmCSm22 I temp E

HmfRÉm 22 Hmfm 3 7hmRp 227

HERpm22751418722 5MGBP E

H.CI
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Exercise write down the proof carefully

The same happens for the sequence

Sh Rpn this time the range is

Of ks n
Now we look at the relationship between

the sequences

Hi RPM 22 HalRpn E

If
Hi Rpm22

Had izz
Begin with i 1 I on Rus is an iso

Because I are isos we get that I on LHS

is also an exo Applying this argument

repeatedly we get that

Ey Hi RP E Hi RPM 22

for all o s is m



In particular

Hm RP E Hm RPM 22
is an iso

Hm Ron 272 Hm18 2

LEE Id
Hm RPM 222 5 Hm 8 222

PTItfm 272
before

This is a contradiction

PROOF OF THEBORSUK ULAM THEOREM

Let fish Rn Assume by contradiction

that f x fl x yes Define

d ish sht


