
 

COHOMOLOGY

Let's start with algebra
Att chain complexes homology

Now we consider cochain complexes

DEFINITION
A COCHAIN COMPLEX is a sequence

of abelian groups homomorphisms

Cibc's city 55 0

i th COHOMOLOGY Group is

nice kelcisdy1 inCci Ed
cocycles g

coboundaries

CHAIN MAPS

f c D are such maps that

f o be Spo f



A cochain map f induces a map
between cohomology groups

SES of cochain complexes gives
rise to LES in cohomology

O AIB 8C O SES of chain

complexes as a LES in cohomology

Hi A Hi B Hi c Hit a

GOCHAIN HOMOTOPY

Ci c cities

Di Ditpits

We say that cochainmaps fig c D

are homotopic it 7h C D t
sat

hose Spo h f g
If F g are cochain homotopic
f g H C H D



Remarks If Ca d is a chain complex

then Di C i S d is a cochain complex

It also works vice versa

1 417 a chain complex and

let's fix an abelian group G

Dk hom Ck G

Define 5 Dk Distt S p

Slf fo 2 f f e hom Ck G

Ckt I Ck
Slf If

We have 5 f S fo 2 fo202 0

We get a cochain complex

D S MH D s



REMARK

f Ck G is a coyote flag I 0 ie

FIB 0

If f coboundary i.e f Slg i.e f god

for some g f
z

O

Sk XiG homis Ty
singular
chains

5k X A G hom six A G

Take 5 2 t as before Homology of these

chain complexes is H x G H XA G
SINGULAR

A cochain YeSk x G assigns an cohomology
GROUPS



element in G to every simplex

6 04 X 4 2 EG on 4,6 EG

554,17 24,007 ÉÉ Y Haiti ie
T okti y

EXAMPLES a
function

H x G Yes x G
Y X G

six 4 Is x G

54,67 54 267 54,861 66.37
I
a singular simplex

ox
6 ve y X

Y 21477 4166.7



59 0 Y is constant on each

pathconnected component
of X

Ho x G IT G
CE IT x

Recall H x G few G

Cocycles in degree 1

Yes x G

4 S x G so Y assigns an element
in G to every path t O Dex

Let 6 Ex iffy
254,67 24,267

CY blowv5Gud Evan



So SY OF

916 us v 4161cm ve 4 blanks

Let C D be chain Complexes Y C D

a chain map G abelian group Applying
from induces a chain map

4 home D G homCao G
4 127 204 the hom D G

Y't induces a map in cohomology

IMPORTANT EXAMPLE
Let fix I be a map between spaces

f induces to S x S 1 a chain map

Applying hom yields ft 8.17 G 5 xG

a cochain map This ft induces

ft HCI G HMX G



Special Case ACX subspace i A X

inclusion What is it If 2 SKA 9

then if d is just a
ska

SKA G

Recall a topic from last semester

SPLIT EXACT SEQUENCES

Let R be a commutative ring with a unit

DEFINITION

Let O U VI WTO be a SES

of R modules We say that the sequence

splits if F is K V Vow such

that the following diagram commutes

O U VE W O

O ÉÉ wÉw o

i Ca u o PlaW w



PROPOSITION
A SES O 0 V8 WTO splits if
one of the following holds
F a homomorphism VFW st

g s idw
F a homomorphism U V s.t

Hof idu
PROOF

Exercise
EXAMPLE

R Z The sequence 0 27522 322 20

does Not split
PROPOSITION
Let W be a free R module Then USES

O U V W O splits
Exercise



Let M be an R module Consider

hompt M
Question Does hompf M preserve

exactness of SE Ss
We will abbreviate home to mom

PROPOSITION

If U EW O is an exact sequence

then
homCU M hom v M homew M O

is also exact

Ff 0 VIV is exact lie F U V

is injective then O hom lo m Éhomum

might Not be exact f might not

be surjective



For example R Z

O Z 427 m 1 1,0

hom 22 M homCE M

m 6 8

M 27 then this is multiplication by m

which is not surjective

CONCLUSION

hom F M does Not preserve SES

PROPOSITION

If O u v W 30 is a split SES

then t R mod M

OehomCo Mlt homG m home W M to

is exact and moreover this sequence

is also split
Outline of PROOF WLOG we may



assume that our original sequence

is O_0 vow EW o with

i fu la o plain W

Exercise Justify this step

O hom lo m hom luau m homCw Mto
11

Timmons
916,07 6

we have exactness here since

g
is surjective DM

From now on R Z so we work with

abelian groups Let C 2 be a chain

complex of free abelian groups

Fix an abelian group G consider the

Cochain complex C't 5 Chom C G 0



Denote the cohomology of the latter by
H C G What is the relation between

HCC G H C

CLAIM
There exists an obvious map

h H C G hom Mnla G th

which is surjective
Proof
Put Zn'tKer 2C Cn Bn 2 Cnn
A class d f Hh c G is represented

by Y Ch G at 402 0 i.e

Y
B
IO Y descends to

T 2h G Define LCD 9
W
Hn C

Not that this definition is good since



if 413 2 then 4 41 400 for some

I Cny T G Y 41 0 on Zn

T T
Exercise h is linear

CLAIM
he is surjective

Proof
we'll construct a right inverse to h

s hom Hn la G tenCc G

his aid

Consider the SES O Zn GI B 0

Bn is a subgroup of Cny and Cny

is free by assumption

Bn is also free SES splits
submodules of free
modules over PIDS

are free



F Zn on a left inverse of i

i e poi idzn thomo Yo ZAG
we can define an extension Y Gop GG
sit 41 Yo The resulting map

p hom Zn G hom Cn G is

a homomorphism Now let behom Hale G

6 7h1 G Put

6 Zn 7315g
Define 8 p 161 ftp.g G

We have 802 66p 2 6102 0

TGI factorsKzn id through

Fbr
5 87 0 Define SCG 8

Exercise s is linear Also has 2 hC 8776



CONCLUSION

h fits into a SES

07 kerb Hcc g thom Hale G 0

which is split because we've seen

F a right inverse s to h

EXAMPLE

C o 27927722827 0

I I d d
This is the cellular chain complex of IRP

Ho Ca 27 Ma C 24421C 0,43 Ca 2.7

Take 9 27

C't o 2 27 27 240

I É c c

Ho Ct Z H Ct O Ct 22 ACCA27



So h H c hom Halo 2 has
a kernel

for an abelian group E write ET homCEG

GOAL UNDERSTAND BETTER Kern



i

CLAIM
T the connectinghom is just it

where i B Z is the inclusion

In other words t is just the restriction
map
Use the definition of the boundary
homomorphism



Denote by in B Zn the inclusion

Take the previous LES split it into

short exact sequences

O Kerlin H 1C G coker int 0

Now Ken int hom Hn C G

and clearly in 47 0

Denote this iso by
Kerlin homCHald G



CLAIM

The following diagram commutes

Kerlin I Hn C G

of a
hom Hnl G

Exercise

We deduce that we have a split SES

O Coker int H CC G I homCHuldG to

Consider the SES

O Bm Z ne Hm C O

Dualize it

Bnt É zit hom ten id G 0

Complete it to an exact sequence

G



We'll see soon that Coker int depends

only on Hn C G

RESOLUTIONS
Fix an abelian group H Sometimes we'll
view H as a chain complex concentrated
at degree 6

0 o H o o

We'll denote this chain complex by H

DEFINITION
A FREE RESOLUTION of H is a

chain complex F with degrees 20

Fz f F o together with a map

Fo SH s t

Fi is free abelian t i

The sequence Fz f F EH 0

is exact i.e the ch complex has 0 homology



We'll denote it by F EH
Exercise F it is a free resolution

Fa Fa f o f the map

Fat fat f o
is a chain map
that induces

to to to an isomorphism
in homology

quasi isomorphism

Replace H with a chain complex whose

groups are free

Given a free resolution of H apply
to it hom f G we obtain

fate f Etf 0

Note that

Fate Ft Ft H't 0 but

exT



the entire cochain complex might not

be everywhere exact acyclic
Consider the cohomology of the 1st sequence
F Denote it by Mn F G
Exercise Ho F G I H from HG

ten F G kn
tht

REMARK
Recall the sequence from the previous
discussion

0 Bn 1 Zn Hn c o

this is a free resolution of the group
H Hm C

F Zm F Bny Fi O ki 22

After dualizing we get the following

thing 0 Bit Ent nom Hale G to



Note that coke int Ht F g

MAIN LEMMA

Let F H be a free resolution of H
and F I H a resolution of H
Then every homo 2 H HI can be extended

to a chain map F F i.e

Fff F E H O

K
FI Fi Fi H o

fi fi E

Moreover any two such
extensions are chain

homotopic

For every two free
resolutions f F

of H F canonical isomorphisms

H F G I Hh F G Enzo

In other words H F G no 1,2



dependonly on H G and NE on the
choice of F

MAIN POINT

Every abelian group
has a free resolution

of the type OF F In o

i.e with Fito tizz

a subective home F EH

E Xs S Take Fa Ker Ee FrCfo
is a subgroup F is also free We

get a SES O F F EH 0

CONCLUSION For every free resolution

F H of H we have H f G D

K i 22 this follows from the previous



lemma previous short resolution

So the only two interesting groups are

H CF G H F G We've seen

H CF G homCH G

Notation Ext H G H CF G
THEOREM I UNIVERSAL COEFFICIENT
THEOREM
Let C be a chain complex of free abelian

groups Let G be an abelian group Then

I a split SES

O Ext HmCd G H c G nomHnk G 0

Remark In general It canonical splitting
I preferred

How to calculate Ext H G
PROPOSITION
Ext Hah G TEACHG a Ext H G
If H is a free abelian group then



Ext HG D t groups G
Ext an G Egg ng ng getsG

Remark The above 3 Statements are enough

in order to calculate Ext H G for all

finitely generated abelian groups H this

is because we have a SES

O H torsion H Houston

hell Kee W
three

free abelians k k n o
group

since H is finitely generated three is
a free abelian group so the sequence

splits we have

H Here Htorsion t2 ÉÉjÉÉÉI
e 20

Ext CH G Ext Her G
IIIEEgypG



v


