
 
PROPOSITION
Ext Hah G TEACH G a Ext H G
If H is a free abelian group then

Ext HG D t groups G
Ext an G I 4mg ng ng getsG

Remark The above 3 Statements are enough

in order to calculate Ext H G for all

finitely generated abelian groups H this

is because we have a SES

O H torsion H Houston
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yee
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s k k n o
group

PROOF

Let F H be a free resolution of H

F he a free resolution of H

F of is a free resolution of Hoth
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Ext HAH G M F OF G IHCF.jp H'CF D
Ext H G Ext H G

If H is free then we can we

O O H H o as

EFF
a free resolution of H

Ext H G H CF G D

Considering the following resolution

of 2n ila na

072752752770 q quotient
map



Apply nom f G
f by image ofonomcfgenon.FI
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COROLLARY

Let C be a chain complex of free
abelian groups Suppose Hn C Hmu C

are finitely generated Denote by

The CHm Cc the torsion subgroupof this
then

H CC 2 EHn C
pee
Atm

The splitting is not canonical

Exercise general structure t previous
result



CONCLUSION

Assume that Ho C is free Then

H C D is free

The sequence
0 Ext HnCd G H CCG homHulaG 0

is natural with respect to chain maps

homo's of G in the following sense

If d C C is a chain map then
we have a commutative diagram

0 Ext HmCd G HhCCG homftenedG to

Paint Ta't fait
O Ext Hale G HhCCG hom Hnl'dG to

an Hn c HnCCD ant is the dual of
T
map induced by X

d the map induced
in cohomology from 2

aft map on Ext induced by an



Exercise Prove this

EXAMPLE FROM TOPOLOGY

X IRP 9 272
homHiRPD270

Assume n even o Ho x 27 Hix 22

HzCx O Ha X 272 Hz x 0 Hn x 0

312K 16h 1

Let us calculate

Ext Hj x 2727 32 ÉÉdn

hom Hi x 272 Zz EO

22 ki odd n

o o Ci even

a
IZ z t Of ith

Exercise Carry out the calculation of



Hi Rpn 272 for n odd

MAIN LEMMA

Let F H be a free resolution of H
and F I H a resolution of H
Then every homo 2 H HI can be extended

to a chain map F F i.e

Fff F E H O

K
FI Fi Fi H o

fi fi E

Moreover any two such
extensions are chain

homotopic

For every two free
resolutions F F

of H F canonical isomorphisms

H F G I Hh F G Enzo

In other words H F G no 1,2



dependonly on H G and NE on the
choice of F

Proof of the lemma

f E

f E

We will define di by induction dy L

Fo is free so we choose a basis Xs

tote is subjective so F Xs EF sit

F Xs Lf Xs Define Lo Xs Xs

Since F is free this defines do

uniquely f d L n fo Now suppose

we've already defined 2 1,2 hi

Fit Fifi Fi F EH o

din't Iti doit d do day
Fit E Fit Fo Ho
fit fi fit to

Again We choose a basis Xs for Fin



For every basis element Xs

di fit Xs E Im fit because

di fit Xs e Ker fi this is because

fi di fit Xs di fi fit Xs 0

Define dit Xs Xs where

Xs e fifth ai fit Xs

This proves the existence of dj tj

of a we have to show that di di

is chain homotopic to 0 Note that

di di is an extension of o th te

so it's enough to prove that if Big
is an extension of H SH

then F a chain homotopy he Fi Fit i 1,0



sit Fit hit hi i fi Bi
Fr f He o

Induction on i I BakdBEd 0
For it 1 take F Fo

z
te O

h to Then he has

to satisfy Bo x filho x exe Fo

Again choose a basis Xs for Fo
K basis element Xs B xsleke.lt ImCf

So F X e F st f Xs Bo Xs

Define he Xs Xs

Let i 21 Suppose we've already defined
ha ha hi a St Fi hit hirta Bit

We'll now define hi s t

Fiji Fi Fi É Fi i
IBifwidfifdbi f.nl Bi z
Fir 7 Fi Fit Fi l
fit fi fit



filth lathi fi x Bi x Axe Fi
Choose a basis x of Fi If we

know that y s B Xs hi fi xs elm fit
4

kerf
then we are done just define

hi Y Xs for some choice Xs e fit
sit fit Xs Ys Indeed

filly fi Bi Xs fi hi fi Xs

Bit fi Xs Bit hi fi lo fi xs
O

Bit fi Xs Bu fi xs thifi of xs
O

Ys ekerCfi as we wished This

completes the induction this proves part 1

Let G be an abelian group

suppose we have two extensions di gig



of a H H Consider a H H't

and the Cochain maps at Fi Fet

Mit Fi Fit
O H F

T Effort
H fits

Since 4 th 2 2
Chain Tochain
homotopies homotoples

the induced maps in cohomology

coincide Lite Mnt Hi f a Hi F G

In particular we get a canonical map

Lext Ext H G Ext CH G

that depends only on a H



Now let H H te be abelian groups
F F F resolutions of H H H

respectively with F F being free

Let HIM By be a homo

B 2 it Lit opt Hi F G HiFiG
Cx

In particular

Bo 2
ext
Lextopext Eat H G Ext HG

The reason for this x is that we

can choose the extension of Bod to

be Bio di Fi Fi ti

F IH

B L

B I
H

LB
a



Issue there are many possible
resolution

why is Ext well defined
Consider now two free resolutions F f l

of the same group
H We want

to show that there is a canonical

isomorphism H F G EM CF G

hence Ext H G is well defined

lie independent of the free resolution

of H up to iso

Let's consider rid H H We obtain
two possible extensions of this map

2 F F and B F F

F INNow

B od F f is it hid
an extensionof fidB

F I Hlot Also id F F

is an extension of identity



dit Bit Bio4 Fitted Hi If G HiCFG

Similarly

Bit at dieB kid id H LF G Hi f G

At Bit are isomorphisms
Moreover dit Bit are canonical
In particular Boy

ext idext ed
11
text Beat

UCT FOR TENSOR PRODUCTS



Let C 2 be a chain complex of

free abelian groups R 27,0 02

Cliff is T we will denote this

Jawi also by My C G

Like before consider Bec Zack
denote by ex Bk Zk the inclusion

Consider the commutative diagram below

It is a SES of chain complexes where



on B Z We take the differential 0

d d
o
Én cn ii o

o izn.sc Bt o

d d

Brock is free because Ck is free

every row of the sequence
is split

not necessarily the chain complex

If we tensor with G we still obtain

sess j j
o ZnOG CnaG

Bato
go

to Id to
0 ZAG Gog Bn204 0

d d d

di said



Passing to homology we get a LES

Bn 09 ZAG Mno G Bright
CLAIM TY'm

Cretinoid Cn Fini out exercise

follows from the definition of the connecting
homomorphism

Now break the LES into many SES s

O Coker in aid HnCc G Kerlinaid 0

A

LEMMA

Let fill v be a homomorphism

of R modules Let M
be an R module

Consider foxidinopM VopM Then F

a canonical iso

coked fo id Coker f OpM
Proof

Let N be an R model ICN


