
Passing to homology we get a LES

Bn 09 ZAG Mno G Bright
CLAIM TY'm

Cretinoid Cn Fini out exercise

follows from the definition of the connecting
homomorphism

Now break the LES into many SES s

O Coker in aid HnCc G Kerlinaid 0

A

LEMMA

Let fill v be a homomorphism

of R modules Let M
be an R module

Consider foxidinopM VopM Then F

a canonical iso

coked fo id Coker f OpM
Proof

Let N be an R model ICN



a submodule Consider

O IF NINI O

This is a SES of R modules Let M

be an R model

IEMITNORMPENI or M o is

exact NMm raid FYI Or M

homework

Apply this to N V I Im f So

NCI Coker f Also note that

im iai d i aid flu on

im f aid
B

Going back to and applying
the lemma we have



Coker lino id Coker in OG Hn C OG

O Hulda G ten C G Kerlin aid so

a c dog to cog
geG generators

of this group

exercise check
that this holds

Analyzing Kee ik o id

Consider free resolutions F In of a

given abelian group M Given another

abelian group G we consider Fox G 20

which is a chain complex no

Huff G Mi CF G

THEOREM
the free resolutions F 54 F E'H

F a canonical iso Mnf F G Inn F G



So H CF G depends only on H G

up to canonical Iso

Exercised H F G I HOG
Eberanie 2 Hi fig 0 tizz

they
short
res

TOR FUNCTOR

Torch G Ha F G

If a H 4 as a homo

F a canonical map

for Tor CHG TORCH G

And HIM 8 H m Box tot Btordton
Consider now H Hn c We have a

SES 0 YBE.in 2 Hn c 0

which gives a free resolution of Haile

After OG and taking the
we get Kerlin aid Tor Hnk G



THEOREM
Let C 2 be a chain complex of
free abelian groups and G and abelian

group Then F a SES

0 HnCooG 7Hn C G Toran la G 0

this sequence is natural with respect
to chain maps c C as well as

Wirt homo Gt Gt Moreover the

sequence splits but not canonically
Proof that SES of homological UCT

splits
O Hn C OG HnCC oxG Tor Hn C G

Consider the sequence

0 Zn Cn Bn 0

This sequence splits because Bny
is free b c Cy is free



F Zn Ich which is a left
driverse of jn ie planted Compose

p with the quotient map Zn Hn c

and we get p Cn ten C and

we have plz Z TZE Zn

This map exists tn so we can view

it as a chain map p H C

where H C is viewed as a chain

complex with O differential
indeed plac 21 0 Tensoring

with G we get a chain map

paid C OG TH C OG

Passing to homology we get

paid Hn C G HnCC aG



CLAIM

paid is a left inverse of
Hn C OG Hn C a G

Proof of claim

Let a c e Hn C with CE Zn

and let geG h aog cog

paid Loog p c age

dog dog
paid oh id

Da

PROPERTIES OF TOR

Tor CA B I Tor CB A

Tor is a symmetric functor

If A or B are free then Tor A B D

Tor le Ai B Eigtor Ai B



Let A be finitely generated and let

AtorsionCA be the torsion subgroup of A

Then Tor AB Tor AtorsionB

Tor 27m A Iker A A

calculation of Tor IA B

for all finitely generated abelian groups

A B

Example

Proof Consider the freeresolution of Zn
0 727322 92750
After Oem we get

O Em 2m 20 for

the non augmented chain complex

I C 7 7 her C
n
z



Tor En Em Iker Em Em

Exercise k k god n m

Property 5 is proved in a very
similar way Not that also

2K I Zn 02m

Moreover the isas in the properties section
are canonical The isos 1 2,4 are natural
wir to homomorphisms of groups for

any two of the factors in Tort

The iso in 5 is natural W r to

homomorphisms of groups for the

2nd factor i.e Al s A gives
Tor Elm AN E Ker Al Al
Ator d I inducedby

Tov Cam A I Ker
A 7A



COROLLARY
H A B are finitely generated
abelian groups Torta B I Atorsion'Btorsion

Proof AIA free Atorsion
thisBE Bfree Boorsion
requires
assumptions

Atorsion E É Eni that both
A B
are finitelyB torsion IFI2m generated

Outline of the proofs
Assume A is free We have a very

short free resolution of A

O A 9A o

f Hugo Tdy 1

Tor CAB D FB



Assume B free Pick a free abelian group

F which surjects onto A

F F A

Let Ref be the kernel of that surjection

R is also free abelian ms

we get a free
resolution of A

O Rs F A 0

Since B is free OB keeps the sequence

exact so the sequence

O ROB FOB A OB O
p
dry 1 TyO

is exact Tor CA B D

Take a free resolution of each i

their direct sums Take a tensor

product get direct
sum of tensor products



A Afree A torsion t use property

Take the following free resolution

of Em

0 27722 Em O

dye Iyo
After OA O A 7 A 32m A 0

Tor 27m A Ker A HA
homology in degree 1

B

To conclude the topic

EXT TOR for other rings modules

It is not always true that a submodule

of a free R module is free for

general rings Free
resolutions don't


