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Exercise Sheet 5

1. Let £ > 4 be an even integer. Show that the normalized Eisenstein series Ej can be written as

Ek = Z 1|k‘77
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where I' = SLy(Z) and I'o, = {:I: ( 0 1

> tn € Z} . Use this to prove that for every cusp

form g € Sy we have (Ey,g) = 0.

2. Let k > 2 and n > 1 be integers and let P, € S; be the n-th Poincaré series defined as

Pn(Z) — Z e27rinz|k,7.
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According to Theorem 5.4 in Lecture 11 for every cusp form f € S with Fourier expansion
f(z) = > ang™ we have
n=1
N(k-1)
P, = ———ay,.
<fa > (47Tn)k_1 a

Is this formula valid when f is an Eisenstein series? If yes, prove it. If not, explain why.

3. Given a congruence subgroup I'' C T’ = SLy(Z) denote by I its image in ' := PSLy(Z), and
given two cusp forms f, g € Sk(I") define
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where dp is the hyperbolic measure and the integral over IY\H is defined as the integral over
any fundamental domain F’ for I".
a. Show that if I is another congruence subgroup of T' such that f,g € Si(I"”), then

<f7 g>F” = <f7 g>F’-

b. Given a € GL3 (Q) show that T” := T'Na~'Ta is a congruence subgroup of T'.
c. Show that for any f,g € Sk(I') we have f|ra, glra € Si(I") and

{flke, glwayrr = (f, g)r-

d. Use c. to give an alternative proof of the fact that Hecke operators on Sy (T") are
self-adjoint with respect to the Petersson inner product.

4. Let 14 # k > 12 be an even integer and let a,b > 0 be integers such that 12 # 4a + 6b < 14 and
4a + 6b = k (mod 12). Let d be the dimension of Sy and for each j € {1,...,d} define

fi = ANEITIY ga

a. Show that f; € Si and has Fourier expansion f;(z) = ) agf)q” satisfying a¥) € Z for all
n=1
n. Moreover, show that a,(f) =0if n < j and ag-j) =1.
b. Show that {f1,..., fa} is a basis of Si. This is called the Miller basis.
c. Show that a cusp form g € Sj, has integral Fourier coefficients if and only if g is a Z-linear
combination of the Miller basis elements.



