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Exercise Sheet 4

Exercise 1 (Theorem I1.27 - Decomposition of OSLA). Let (g,6) be an effective orthogonal sym-
metric Lie-algebra. We have the Cartan decomposition g = u @ i. We decomposed i =i Piy Pi_
and defined uy = [it,i4] and u_ = [i_,i_]. ug is defined to be the orthogonal complement of
upy Qu_ in w.

(a) Find an OSLA (g,0), such that ip = 0, but ug # 0.
(b

Let n < g be an ideal of a Lie-algebra g. Prove that By = Bgluxn-

(c) Find an example of a subalgebra n C g, such that By # Bgluxn-

)
)
)
(d) Let g = g1 @ g2 a direct sum of two ideals g; and go. Further let £ and € be subalgebras of

g1 and go. Show that £ + €5 is compactly embedded in g if and only if ¢; and €5 is compactly
embedded in g; and gs.

This implies that ug, u_,u; are compactly embedded in gg,g— and g.

Hint: For connected G and K < G, there is an isomorphism
K/(K N Z(G)) = Ada(K)
(compare Ex Sheet 2, exercise 5(b)). Use Lie(Adg(K)) = adye(q)(Lie(K)).

Exercise 2 (Theorem I1.33 - Decomposition of simply connected RSS). (a) Let H,N < G be
two normal subgroups. Show that [N, H] C NN H.

(b) Let H, N < G be connected subgroups. Show that [N, H] is a connected subgroup of G.

(¢c) Let M be a simply connected Riemannian symmetric space. Then g = Lie(Iso(M)°) =
g0 D g+ ® g—. We get corresponding Lie-subgroups Go,G+,G— and their universal covers
Go, é+, G_. Let Ky, K, K_ be the Lie-subgroups associated to £y, &, t_, which come from
the Cartan-decomposition of go, g+, 9.

Show that (Go, Ko), (G4, K4) and (G_, K_) are Riemannian symmetric pairs.

Exercise 3 (Complexification and Killing form). Let [y be a Lie algebra over R and let [ be the
complexification of ly. Let Ky, K and K® denote the Killing forms of the Lie algebras [, [y and (¥,
respectively. Show that:

(a) Ko(X,Y)=K(X,Y) for all X,Y € ly;
(b) KR(X,Y)=2-R(K(X,Y)) for all X,Y € [,



