











































































































IEdcomplex
analysis one frequentlydeals with fu'swhich have

various domains ofdefinition
The notion of sheave is the suitable formal setting
to handle this situation

E Definition
Let X be a top spaceand I the topology Isystemofopensets
A presheaf of abeliangroups on X is a pair Fp consisting

or rings vectorspacessetsetcI
i a family I ul u of abelian groups

so we associate an abelian group to everyopenset in the
topology
it a family g fi u es peu of grouphomomorphisms

ft Fe u F v where V is open in U

with the followingproperties
ie.vn pen

gun idea t UE I

ghost p w for Woven
Going From Flat to Flu then fromFlo to F W is the same
as going from Flat to FLW directly a sortof transitivity
Remark the abelian groups ian alsobe rings vs's sets etc
Importantly the homomorphisms g are called ration hand
Instead of guilt one writer f fV








































































































































































































































































































































let flu locally at mappings g U G t usual restrictions
Basically we assign a value to every connected componentofu

If u is a nonempty connected open set U 0 open connected

then this def is equiv to the one above and ElUl G

Then I is called the sheaf of locally constant fu's
with values in G Oftendenoted G

Now we can define f s t flu 1 91 fl Uz ga
since Us and Us are disjoint

Suppose Fe preheat of sets on a top space x

u
TCU u open nbhd of a

remembersince F is a presentofsets the Fecal are sets
We introduce the equiv rel na as follows

IFu tyg it 7W open it at W c un v and flu glw

One can easilycheck this is an eq rel transitivity intersection

Thestalk of F at a is the setFa of all equiv classes
alstalled inductive limit of Jelly
Fa big Flu fatly e

QWhat's the stalk of the constantpreheat
Fa takes on thestructure of the Fe u s we define the
operation on the equiv classes by means of the op defid
on the representatives this is indep ofthe choiceof repI














































































































HU Mbhdof a define Sa Flu Fa which assigns to
each element ft F a its equiv class modulo a
Salt is called thegerm of f at a
Example germs of hot resp Mer fin's are Taylor resp
Laurent series More precisely

let X ca be a domain aex and 0 the sheaf of hot fu's
Given a germ eachof its representatives is a hot for
in a Mhd of a and thus has a Taylor expansion

É cu z al with the radius of con
Two hot fu's on Wbhds of a representthe same germ
precisely if they have the same Taylorexpansion abouta

Thus the stalk Oa E 442 a the ring of convergentpower
series in 2 a w complex coefficients

Similarly MaE the ring of convergent Laurent series

tf cu za ked Cr e e

which havefinite principalparts
Note For any germ of a function It Oa the value of the
fu I fait e is well defined ie eindep of the choice ofrep
1667 Lemmy Suppose F sheaf of abelian groups on X and
Ic X open Then an element fete al is zero iff all germs
Sx f t Jex X ell vanish

Proof This follows from Sheaf Axiom I

be we'resaying that Fx thirds an opennbhd around x where f is Zero














































































































671TheTop Space Associated to a Presheaf
Suppose XA.pe Fapresheaf on X

IF JI eachone is the union of all theequivclasses of germs at a
be the disjoint union of all the stalks
Define

p I X

which to each d e Fx assigns x itreturnsthe germpoint
AUcx open and fete a let

TU FI Sx A XEU C IF I
for every point of d we add the germ off at that pt
to the set We now prove this is a basis

61.7TheoremThe set B of all EU f1 sit UcX openand fetal
is a basis for a top on El and the proj p IF I X is
a local homeomorphism

Roof lol Wehaveto check the following 2 properties
i The UAI cover Fel which is trivial
ie If deTUAINEUg I then FTW KIB St QEWLICEUAntung
For suppose p91 x then xeunVand
fxlfkgxlgl.HenceFWcunvopennbhdofxs.tfl N g IN h

This implies a E EWh I CTU f In TV g
b Now we show p IFl X is a loc hom
Suppose If IFil and ppl x F B 754 if I 79 ThenEU ft
is an opennbhd of a and U of X
Themap p la f I U is bijective andalso cts and open
as one sees from the def Thus p IFl X is a loc homeo














































































































if the following holds Whenever YCX is a domain and

fait ga g with att then fig
For example this is true for the sheaves OandM
of hot and men fir's on a RS X
Be having the samegerm corresponds to having the same
TaylorLaurentseries around the germ point and that
implies they're the same for

61MTheorem Suppose X loc conn Hausdorffspace and

Fe is a presheaf on X which satisfies the Id them
Then the top space IFel is Hausdorff
Proof Suppose Is 92 Fel and 91492 Weneed to find

disjoint abhds of 91 and 42

Cast Suppose plea x y p192 SinceX is Hausdorff

A disjoint abhor Us x Ui y Then p a and pYul

are disjointnbhds of ga and dz resp

I Suppose plant ppal x Let the die Fx be

rep by elements fit F Ui
where the Ui are opennbhdsofx

Let U can Uz be a connected open nbhd of x ThenTUfille

are open nbhds of pi Now suppose 74ECU fallen tu flu
Let ply y Then 4 9 ta gylfzl From the

id thm

it follows that fall fille thus 91 92 E
Hence U ballet and IU 82141 are disjoint a



I ÉÉhotion on Riemannsurface
Importantly notonly hot men forms but also forms
which are only diff in the real sense
Suppose U G open Identifying A R bywriting

Z xtiy where x y are the std real cords in R Write
all thosefu's

E U G algebra oftf.US E whichare o diff wrt x y
which is different from holomorphic fu's

and definethe differential operators

118 i q ft if
where 8 fy are theusual partial derivatives

Note CauchyRiemann OH is the kernelof z
E U E u

Check Write A fr t if I then
0 871 4 Jay i C fr EE FE

off 8
note taking the real and im partof a fir commutes w theder
We can use complexcharts to define thenotionofdiffblefairon aR

Def Let x be a RS and Y ex open Then f Ys e is
a diffble if f cha z U V CA on X with UCY
FÉE ENI with flu fo z Nde fi fo zit is uniquely

determined The set of all such f is called Ely

Together with the natural rest map we get thesheaf E of
diff ble fr's on the RS X

diff ble always means o diffble



We can now define G g Pz Iz E u ECU locally
on Rs's using complex charts 14,21 i T
Let aEX and Ea the stalk of all the germs ofdiffble
functions at a Denote ma c Ea the Rector subspaceof
all for germs which vanish at a remember the stalk
inherits the structure from the type of sheaf by carrying
out the operations on the representatives of the eq classand MacMa the rss of those function germs gem which
vanish to 2nd order ie if Ff repsof p s t locally ie
Wrt a cook nhhd U it xtiyl of a one has

la y a o

This def is indep of the choice of loc coord Z
91 Ret The quotient vs

That Mmg

is called the cogentspace of X at the point a
If U is attubhd of a and fee a then the differential

dat ETat of f at a is the element
dat f flat modME

Note that f f la ravishes at a no EMa By definition
its equiv class and me is dat intuition



9.47theorem Suppose X RS aEX and a z xtiyl a cord
mbhd of a Then dax and day form a basis of the
cotangent space That as do dat and dat H f is a

fu which is diff ble on a ubhd of a then

dat fylal dax Fyia day
a dat tf dat

Proof a First show daxday span Tal Let teTatandsuppose
Ema is a reps of t Taylor expanding of about or weget

9 ca x x al rely y all 4
Where CaCaf A and Y Mat Takingbothsidesmodulome we

getcadax t Czday
bl Now are darin dax and day are lin end
If Cadax Czday o then

calx x a Ely ytallEME
Then taking partial derivatives wit x y we get cacao
al suppose f is diffble in a nbhd of a Then

f flat a x xtall t Ey tally ytall g
where g eMat Thus

dat Tfla daxt lalday
The same steps work for dat dat1 I



19.51 Cotangent vectors of type 11,07 and 10,11
SupposeIUizatwbhd's of atx

then
invertible at acan c c it S i MEET eN

T
I Hat

and

a a
justplugvalue in

this implies that dat 9 datt ÉdÉ

cdaz.gg

gym

É
Thus the 1 dim Uss's of Tat which are spannedby
daz and daz are indep of choice of local words

not true forx ysince weM
Tat a daz Taal i a qq.am

scaleone and not
theother

Tall Tato to
t 0,1

y
cotangent vectorsof type 1,01
Tf f is diffble in a nbhd of a define daf and d'df by

deaf d att dat da'feta daf et
Then daf Offaldat and dat 8 Cal dat

coordinates are uniqueby linear independence



19.61Det Suppose X R.S and YcX open
A differential form of degree it or 1 form on Y is
a map

w y Key Td

with w a e Tat fact If wlaletat resp T Katy
then w is said to be of type 1,07 resp 0,17
977 Examples
al If FEE y then define the 1 forms df df df by
Afl la daf d f a dat d f la d at faey

Note f is hot H d t 0 by thesamereasoning as previously
b The pointwiseproduct of a fir and a 1 form is also
a 1 form

Remark Locally on a complex chart U Z xtiy every 1 form
can be written

w of dx t gdy p dz y de
where the fr's f g g it are not necessarily cts
917Def Suppose X R.S and YcX open A 1 form w on Y is
called diffble resp hotI if Wrtevery chart uz
we can write

w f dz t g de on Un Y where f g EE any
resp

w f dz on Ury where FEO UN

Notation UCX open Et a vs of diffble 1 forms
Eta respE94u the vss oftype 1,07 resp 0,1 forms
I ul vs of hot I forms These are all sheaves of vs's
over X togetherwith the usual restr map



107MeromorphicDifferentialforms skip if short on time
def hot except on a set of isolated poles

M YI is a sheafof v s's over x
19.91TheResidue
For w as above we can write w felt on Y and def
Res Wi Res f which is indep of chart
19117TheExteriorproduct

Set that 12talk
Locally ie on a coordinatenbhd U Z xtiy daxiday
is a basis of Tam and so is dazedat Zi daxiday
easy to check write most general 2 form andsimplifyusing wedge product properties
Thus Tal has dimension 1
19127Def 2 form just replace Al by 121 in def of 1 form
Suppose X R f and XCX open A 2 form on Y is a map

W Y If Tall
with w a E Tat Haey



A 2 form w is called differentiable on YcX open if
wet every complexchart 6,4 on x it can be written

W f dznde with f e E any
Denote E y the us of diffble 2 forms on Y
There's no equivalent of holomorphic7 forms for 2forms
Examples the pointwise wedge product of two 1 forms is
a 2form and so is the pointwiseproduct of a diffble
fan and a 2 form

IgettngxtengineDianingfindfatotteracal
e lol where d

is an opensubset of a RS
Locally a diffble 1 foren can be written as a finite sum

W E Ardgu fi gk diffble functions
e.g W ta dz tf de where z is a local coordinate

St dw I dfendge d w c I d fundg d w I d fridge
Thequestion is is what I justwrote down welldefined
Remains toshow the def is indep of representation
Suppose w Ifk day I fidg Choose a particular word
nbhdta.z xtiyl.ws that Id badge Id finds
Became

dg 8,4d xt Eydy
with a corresp express for dg one has by assumptionI

TAKE E fi FI ZAK Ifi
p

Partially diff wrt x y and subtracting we get

21 1 21 E I



On the other hand
I dtiandge I ft 84 8 81 dandy

with a corresp formula for Idfindgi Theresultfollows

E themiganffteran as always u is open ssetotrs
Then i Idf d d f d d b 0

ii do d w td w

fiiildlfwl df.tw tf da
proof lil ddf d 1 dfl di n d f 0 similarly for d d
nil d wtd w I t d t k 1dg

Ift dz tf dE ndg do

lini d fw d Effiedg Id ftd ndgk
f I dfindge t df n I fadge f do t d fr w

Émontiin we get
dd f d d f just expand d td t

Withrespect to a local chart h extiyl
dd t Effdende I 81 8 2 dxndy leansalgebra

Hence a diffble for f on an open subset of a RS is calledharmonic if d d f o

19.157 WE EACH is closed if da o

exact if w df for FEE Y
Note exact closed since Idf 0 Theconverse is false in
general



19.161theorem on an open subset y of a RS

a Every holomorphic 1 form we r Y is closed

What follows is the converse since I C Eto

bl Every closed 1 form we E 941 is holomorphic
being of type 1,0 is clearly a necessary condition

Zoot Suppose we Etily Then we can locally write
w f dz for tf Ely diff ble

Then
dw dfa de E dz If de adÉhfÉÉÉdÉt

Hence
do o Iz o and the result follows a

Corollary If u is a harmonic fu then d n is a hot

A form since dd n d'td d u d d'm so

EFppstyaitmars
ACY open F induces a homomorphism

FA Elu ECF UI
f r f of

generalising this to differential forms
FK Elk u Elk F 1141 k 1,2
defined how
Write the 1 formlocally as the finite sum Ifj dg

2 form I fi dogndhi
where fi g h are differentiable Set



Ft Ifidgi I Fifi d F g
FC Efi dgindhi I IF't d F g nd Foh
it's easy to check these def's are indep of the local rep
chosen How
and hence piecetogether to giveuniqueglobal us from

For fe Elul and we fat one has
F df d f'd F dw d Ftw

and similarly with d d d
Consequence if feel u is harmonic then F'f foFEETYu
is also harmonic For

d'd Faf d f'd fl Ftd'd f o


