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5.1. The p-energy functional.
Let () #C R" be open, bounded and regular, 2 < p < oo and g € C?(092). Consider
E,: W'(Q) — R as
E,(u) := / |VulPdz, and % := {u € C*(Q) | usq = g}
Q
(a) Determine whether there is at most one function u € 4 satisfying

E,(u) = inf E,(v).

vell

(b) Derive the partial equation satisfied by the minimisers of u of E, as in (a).

(c) Prove that for every u € C?*(2) with u|sq the inequality
1/2 1/2
/ |\Vul|Pde < C,, </ |u]pdx> </ |D2u|pd:ﬁ)
Q Q Q

5.2. Weak derivate in LP((2).

(a) Let © C R™ be open, o = (v, ..., o,) € Njj be a multi-index and || = Y2}, a. Let
w € L}, (). Given 1 < p < o0, let 1 < ¢ < oo such that %+ % = 1. Prove that D%u

loc
exists as a weak derivative in LP(£) if and only if there exists a C' > 0 such that

’/QuDo%bdx < Cl|¢|lzoey for all ¢ € C(9). (1)

(b) The assumption p # 1 in (a) is necessary: prove that u = xjo11 € L' (R) satisfies

’/ngb’dx

with some C' > 0 but u ¢ W1 (R), i.e. u does not have a weak derivative in L*(R).

< Cl|9]] Lo ), (2)

5.3. Weak derivative of a conic function.

Let © := B;(0) C R? and consider the function u(z,y) = 1 — /22 + y% (whose graph is a
reversed ice-cream cone).

(a) Determine the values p € [1, oo] for which exist, in LP(2), the weak partial derivatives

du du
oo and oy

(b) For such values of p compute, as a function p, the value of ||Vul|zr(q).
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5.4. A closedness property.

Let I :=la,b| for —oo < a < b < o0. Let u € LP(I) and let (ug)ren be a bounded sequence
in WHP(I) with |Ju — ug|| ey = 0 as k — oo.

(a) If 1 < p < oo, prove that u € Whr(I).
(b) Is the assumption p # 1 in part (a) necessary?
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