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7.1. A WP function that is not in L™
Let n > 2 and define u(x) = log <log (1 + |71\)> Show that u € W' (B;(0)).

7.2. Absolute value of u € Whr

Let u € WHP(R™), for 1 < p < co. Prove that |u| € W1P(R™).
Hint Define

fla) = (@® + )2 —e, (1)
and use the chain rule (see problem set 6) to show that f. o u € WP(R") for all € > 0.

Show that f. ou is a Cauchy sequence in W?(R™) and deduce that |u| € W'P(R"), after
proving that f.ou — u in LP(R") as € — 0.

7.3. Trace-zero functions in WP
Let Q C R™ be a bounded domain of class C*, and 1 < p < oo.

(a) Show that if u € W,?(Q), then u|sq = 0.

(b) Suppose u € W'P(Q) has u|sq = 0. Show that u € Wy*(Q) by following these steps:
i) Using a partition of unity and local coordinate charts, show that it suffice to prove the
following statement: if u € WP(R") has compact support in R} = {(2/,z,,): z, > 0} C
R™ and u|gn-1,10y = 0, then u € WP (R?).

ii) By approximating u as in part (a) by a sequence of C' functions u;, € C*(R%) and
using the fundamental theorem of calculus, show that

lu(z', x,)[Pda’ < CaP™? " | Du|Pdzdt. (2)
Rr—1 " 0 R™

iii) Let n € C*(]0, 00)) be equal to 1 on [0, 1] and equal to 0 on [2, 00). Define u,,(z', x,,) :=
(1 —n(mx,))u(z’, z,). Show that u,, — uin W'P(R") as m — oc.
iv) Show that u € Wy*(R").

7.4. Simple Holder spaces

Let 2 C R" be open and let € (0,1). Show that C%%(Q) is a Banach space.

7.5. Extra: Properties of the characteristic function

Consider W?(R™) for n > 1. Let 1p,(p) be the characteristic function of the unit ball,
le.
1 if 2] < 1

3
0 if |z| > 1. 3)

]-Bl(O) (l‘) = {
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(a) Clearly, 15, € W'?(B;(0)). Show that 1p, (g cannot be approximated inW (B (0))
with functions {uy }ren in C°(B;(0)). This proves that WP (By(0)) # WP(B(0)).
(b) Prove that 15, does not admit a weak derivative in Wh?(R").

Hint. For n =1 we know from the lecture that % =—0(x—1)4+0(x+1). Forn >2
use Stokes’ theorem.!

'As an extra challenge one could even prove the above statements for an arbitrary bounded open set
Q C R™ with C* boundary.
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