
d-math
Prof. P. Hintz
Assistant: P. Peters

Functional Analysis II
Problem Set 7

ETH Zürich
Spring 2023

7.1. A W 1,p function that is not in L∞

Let n ≥ 2 and define u(x) = log
(
log

(
1 + 1

|x|

))
. Show that u ∈ W 1,p (B1(0)).

7.2. Absolute value of u ∈ W 1,p

Let u ∈ W 1,p(Rn), for 1 ≤ p ≤ ∞. Prove that |u| ∈ W 1,p(Rn).
Hint Define

fϵ(x) := (x2 + ϵ2)1/2 − ϵ, (1)

and use the chain rule (see problem set 6) to show that fϵ ◦ u ∈ W 1,p(Rn) for all ϵ > 0.
Show that fϵ ◦ u is a Cauchy sequence in W 1,p(Rn) and deduce that |u| ∈ W 1,p(Rn), after
proving that fϵ ◦ u → u in Lp(Rn) as ϵ → 0.

7.3. Trace-zero functions in W 1,p

Let Ω ⊂ Rn be a bounded domain of class C1, and 1 ≤ p ≤ ∞.

(a) Show that if u ∈ W 1,p
0 (Ω), then u|∂Ω = 0.

(b) Suppose u ∈ W 1,p(Ω) has u|∂Ω = 0. Show that u ∈ W 1,p
0 (Ω) by following these steps:

i) Using a partition of unity and local coordinate charts, show that it suffice to prove the
following statement: if u ∈ W 1,p(Rn

+) has compact support in Rn
+ = {(x′, xn) : xn ≥ 0} ⊂

Rn and u|Rn−1×{0} = 0, then u ∈ W 1,p
0 (Rn

+).
ii) By approximating u as in part (a) by a sequence of C1 functions uk ∈ C1(Rn

+) and
using the fundamental theorem of calculus, show that∫

Rn−1
|u(x′, xn)|pdx′ ≤ Cxp−1

n

∫ xn

0

∫
Rn

|Du|pdx′dt. (2)

iii) Let η ∈ C∞([0, ∞)) be equal to 1 on [0, 1] and equal to 0 on [2, ∞). Define um(x′, xn) :=
(1 − η(mxn))u(x′, xn). Show that um → u in W 1,p(Rn

+) as m → ∞.
iv) Show that u ∈ W 1,p

0 (Rn
+).

7.4. Simple Hölder spaces

Let Ω ⊆ Rn be open and let α ∈ (0, 1). Show that C0,α(Ω̄) is a Banach space.

7.5. Extra: Properties of the characteristic function

Consider W 1,p(Rn) for n ≥ 1. Let 1B1(0) be the characteristic function of the unit ball,
i.e.

1B1(0)(x) :=

1 if |x| < 1
0 if |x| ≥ 1.

(3)
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(a) Clearly, 1B1(0) ∈ W 1,p(B1(0)). Show that 1B1(0) cannot be approximated inW 1,p(B1(0))
with functions {uk}k∈N in C∞

c (B1(0)). This proves that W 1,p
0 (B1(0)) ̸= W 1,p(B1(0)).

(b) Prove that 1B1(0) does not admit a weak derivative in W 1,p(Rn).
Hint. For n = 1 we know from the lecture that d1B1(0)

dx
= −δ(x − 1) + δ(x + 1). For n ≥ 2

use Stokes’ theorem.1

1As an extra challenge one could even prove the above statements for an arbitrary bounded open set
Ω ⊆ Rn with C∞ boundary.
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