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11.1. A product of functions in H; ()

For this exercise we recall that for an interval v € H}((0, L)) we in fact have that these u
are uniformily continuous, see also exercise 2.2 for a cute proof of this fact. In particular
we then have that u € H}(Q) are characterized as continuous functions in H*((0, L))
with 4(0) = 0 = u(L). Let us from now on only work on two variables x,y on the cube
@ =(0,L;), x (0,Ly),, the higher dimensional cases are generalized to trivially.

We set ) = . .
f(x) = sin (WLCCQ:> and g(y) = sin (ﬂLyy> : (1)

T Y

and want to show f-g € H}(Q). Note that clearly we have f € H'((0,L,)), and
g€ H'((0,L,)). Now let us choose ¢, € C(0, L,) and 1, € C>(0, L,) such that

lim ||f ~ ¢ullzn — 0 and  lim [lg — ]| = 0. 2)

n—oo

Clearly then ¢, - ¢, € C*((0, L,) x (0, L,)) for all n € N. Now we want to prove that
nh—%lo ||¢n¢n - fg||H1 =0
To prove this we need some triangle inequalities:

ontn — fallmrQ) < || Pnthn — fUnllar@) + 1| fthn — folla o

for the L? part of this norm we note simply that

| nthn — fibnllrz@) + [l f¥n — fall2@@) < Ly [¥nllreo,0,) l|¢n — fllz2(0,2.) (3)
<Ci —0
+ Lo || fllze0.0x) |9 = Ynllizo,)  (4)
<Cs —0

where we use that as 1, is convergent thus bounded in the Hg (0, L,) it must be bounded
in the uniform norm as well. Note that we took care to seperate the integrals in the
different variables on the left hand side to the right hand side. For the derivatives we
can actually play the same game

< oV = FV4ll12Q) + [0V — gV fll12()

=Ip =Jn
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We then see that

162V — [V 3lle2@) < 0V — 62 Vg + 6.Vg — fV4l[12()
< nVin — ¢ Vyllr2@) + [10nVe = [Vyll2q)
< |@nll2 @IV = Vil + 1IVlliz@llon — fllzaq)
= (L)Y ||¢nllr2(0,2.) LY [IVhn — Vllz2(0,1,)

bounded —0
+ L[Vl Ly ||0n = Fllizo..
bounded —0

where we use that Vg is bounded because g € H(0, L,) and ¢,, bounded in L? norm as it
converges in H}(0, L,). We conclude that I, — 0 as n — oo. One can argue analogously
that J, — 0 as n — oo.

11.2. Decay rate of eigenfunction expansion of —A on Hj(Q).

First of all let us note that from corollary C.30 one can deduce the Riesz-Fischer theorem:
for an open C* domain : for u € L*(Q) expanded in the basis of —A : H}(Q) N H*(Q) —
L*(Q) as

u(z) =Y cpuy, (5)
k=1
we have that ¢, € 5(N) is given by

cr = (U, Uk) 12(0)-

Conversely, if ¢, € 2(N) the limit uy = S8, cpuy converges to a u € L*(Q).

(a) Let us first prove for ¢ = 1. We then have for u € H*(Q) N H} () that —Au € L*(Q).
Let us expand

—Au = Z dkuk,

k=1

with 302 |di|> < co. And let u be given as in (5). Our goal is to show
dk = )\kck.
Note that

dr = (ug, —Au)r2 = (—Auy, u) 2

= )\k (uk, U>L2 = )\kck.
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Hence we have that

—Auy = Z )\kckuk

k=1

where the convergence is in L?(Q2). In other words, setting
N
VN = Z )\kckuk
k=1
we have that vy — —Aw in L?(Q) from which we have
00 > || — AullZzg) = Jim o720

- ]\;1_1’}100 <UNa UN>L2 ®)

N—oo

N N
= lim <Z )\kckuk, Z /\kckuk>
k=1 k=1

N
1 2 2
= lim, 2 Adlerd

o0
= > Alexl
k=1

L2(Q)

as desired. Now for the case ¢ > 1 one can play exactly the same game, by noting that if
u € H*N H}(Q) we have that (—A)%u € L*(Q2) and hence that we can expand again

(—A)qu = Z Jkuk,
k=1

and noting that

b= ((=A)%, ug) 2
= (u, (—A)%uy,) 2
= A} (u, ug) 2
= )\zck
And arguing as above. Conversely, let (cx)ren be such that

Z |)\k|2’Ck’2 < 00,
k=1
then Aycx € 2(N). Then notice that as

Jim [ = oo,
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we have that there exists an M such that
> el < 32 fenl |l (8)
k=M k=M
which then proves that ¢, € ¢*(N). This means we can then define
u(x) = cpu(z) € L*(Q) and v(z) := > Mpcpug(z) € L* (),
k=1 k=1

where the convergence is in L*(Q2). We now want to prove that v € H*(Q) N H (). Let
us define for N € N

un(z) = ;; cpur(z) and wvy(z) = ;; AkCpug (),

we then have that uy, vy € C°°(Q2) N H} () with the above mentioned L?(2) convergence
to u, —Awu respectively. Notice that also that for all N € N we have

—AUN = UN.
Now notice that by interior regularity we have
lunlliz@) < CllAun]lrz@) = Cllon]lr2)-

Now as vy is a Cauchy sequence we then have that uy is a Cauchy sequence in H?(),
so uy — @ in H*(Q). As we already know that uy — u € L*(Q) we must then also have
that v = @. This argument can then easily be bootstrapped with induction for higher
orders of ¢. In this case one defines uy as above and vy as

N
— q
VN = E )\kauk.
k=1

where vy converges again in L?*-norm to (—A)% which in L?(2) has the expansion
(—A)au = SN | Mcgug. Interior regularity then gives us

lun e < ClI(=A)"uy|| 2, (9)
from this it then follows that uy is Cauchy in H??(Q) and converges to u. We conclude
u e H ()N H*(0Q).

(b) From the previous exercise we deduce that for v € H*(Q) N H}(Q) with L*(Q)
expansion as in (5) we have that

[e.9]

1A% 120) = Y- N Jexl?
k=1
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The 1.h.s of the inequality that we have to prove then follows again from interior regularity,
we have that

[lll2o0) < C'l| ATl |2y = 3 [Akl*fexl”.
k=1

On the other hand we have that a priori (by the sheer definition of the norm || - ||g2q)
that -

> ePlel® = l[A%|z2) < [ullm2@)-

k=1

Thus when we set C' = max{1,C’}! the inequality on both sides follows.

(c) By the previous exercise, we know that for u € H?(Q) N H () expressed as (5) in
the eigenvector basis of —A in L?*(2) have that we can equivalently express the norm of
win H} N H*(Q) as follows

o0

[lllzrze = Y lexl*|Aul™,
k=1

as the previous exercise simply implies that this sum in the series expansion defines an
equivalent norm on H2?(Q) N H} (). Now trivially, the expansion of an eigenvector uy, in
this basis is simply given by ¢, = 1 and ¢, = 0 for all m # k. From this it follows that

[lwel 20 = [Ael”. (10)

Now for 2¢ > n/2 we want to apply a Sobolev embedding for case ii) in 7.30. In the
most general case (including when k — 2 € No) (see also e.g. theorem 6 chapter 5.6 in
Evans) we see that

() — ¢ [5l-1e(q) (11)

with o = [%} +1-— % if % if & is not an integer, and 0 < a < 11if n/2 is an integer?. In

either case we can always trivially bind the supremum norm || - ||~y by the Holder
norm C%® for any [ and o. We then see with the above that

[lurllz=@) < C'lfuell o [3) 10 S Clluellize < CIN (12)

as required.

11.3. Asymptotics for the eigenvalues of —A

ITo be honest this last little step in redefining C' is not that relevant for the exercise but it gives you
the precise inequality as stated on the sheet.
2Verify these constants for yourself! It is easy to mix things up.
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We know by Weyl’s law (theorem 7.35) that the eigenvalue counting function N(7') =
|{i € N | \; < T}| denote the eigenvalue counting function. Then
N n
LN £(B,(0)
oo T/2 (2m)

L(Q).

Now choose T' = |\,,|, we then get that
N(Akl) = {m € N[|An| < [Ael} = k.

Therefore we get after taking a power in Weyl’s law
2

limsup— < lim w 47*(L"(B(0, 1))£H(Q))%;

n—00 |>\k:| k—o0 |/\k’
which proves one side of the statement.
For the other half consider the adapted counting function

N'(T) = [{m [ [Am] < T},
then N(T' — 1) < N(T) < N(T) for all T. This then implies that

o NI
TS 7%

N'(T)

< lim inf
T—o0

N'(T
< limsup T()

< lim N(T)
T—oo T

%
_ LB,
(2m)"
So Weyl’s law must also hold for N’. Notice that

No(IAkl) = {m € Z | [Am] < [Ael}] < k.

L)

Therefore

2 N 2
lim inf k— > lim M

= (2m)7"L(B(0,1))L"(Q) (13)

which concludes the proof.

11.4. Supremum bounds for eigenfunctions on compact sets.
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(a) We prove this exercise using higher interior regularity. Let x, x with 0 < y < 1,
0<x<1,Q"=suppy and € =supp x on and Y = 1 on 2”. The statement we want
to prove is simply that of higher interior regularity. Note that as f € C>(Q) N H ()
that f € Hf (Q) for all k > 0.

We remark that the assumption that f € H*(Q) is actually slightly stronger than we
need. From this it immediately follows that v € H*'2(Q), by boundary regularity
for 2. Now, notice that multiplication xy € C(§Y') is a continuous operator from
HM2(QY) — H*2(QY) as we have for any multi-index |a| < k + 2 that

[0a(Xt)||L2) < sup [|0yx]lee sup [|0sul|z2y < COOul|mr2@)

[vI<la| [BI<lc

Now as u solves —Au = f on , so in particular on €', and f € H*({Y) we can use
higher regularity to estimate

|l 2y < COOMullamez@ny < CON Il @y + ullz2@))-
Now as yu is supported inside 2" we know that
[Ixull ey = [Ixull ez,
as we simply extend by 0. Furthermore as y = 1 on supp(x) = 2 we have that
f ey < 1IXF o) (14)

and for the same reason, that

lullz2@y < [IXullz2@) < [IXullmr@) (15)
so the estimate follows.
(b) We know from the previous exercise using only (15) and equation (14) that

x| vy < Cy X)X v ) + [[XUl] 22(02))

where Y is chosen as in (a). As v € C°°(Q) N H(Q) was an eigenfunction, i.e. —Av = \v
we have that f = v € C®(Q) N HY(Q). In particular f € HF (). From this follows

XVl aE) < Ok, X)XV HE-2(0) + [[XV]|L2(0)-
Iterating the above estimate g times in the first term on the r.h.s. we have that
vl ey < Ck, x, XA + D)]1%0] |20

Under the assumption |\| > 1 we can estimate (|A[*/2 + 1) < 2|A|*/?) and absorb into
the coefficient to get

[Ixvlle) < Clk X, D2 IIRV]1200) < Clhs X, A2 0]l 2200
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(c) We recall that the equation mentioned in the hint is the Sobolev embedding into
Hélder spaces for k > 7. In particular we can choose § <k < § + 1 From this we know
that (choosing a x € C°(€2) with x = 1 on K using exercise (b) that

n/2+1
2 ||U||L2(Q)

]|k < Cllxvllar@ < CA2|][r2@) < CA

and the claim follows.

11.5. The heat equation.

(a) Follows easily from arguments in previous analysis courses.
(b) Note that u(-,t) € L*(Q) as

o0 [e.o]

||“("t)||%2(U) - Z |an|26—2|>\n|t < e~ lt Z Ian|2

n=1 n=1

we note that from this follows that

lim |[u(-, ¢)|| 2 = 0. (16)

t—o00
Now for the first claim, we compute directly
oo N
Hu(.,t) — uOH%Q(U) — Z |an’2‘6)‘"t . 1’2 <et Z ‘an‘de)\nt . 1|2
n=1 n=1

where € > 0 is given and N € N is chosen large enough. We note that

N N 00
7 an|leMt =17 < e = 1P Y Jan? < (e =1 Jan* = 0 as t — 0. (17)
n=1 n=1 n=1

where the \, are the eigenvalues of A. For the second part let us first prove the claim.

Lemma. IfQ C R" is open and bounded and fi1, fo... € H3(Q) N C>(Q) be the sequence of
eigenfunctions of A which forms an orthonormal basis of L*(2). Then let g = 3% @y fn,
show that g € H} () if and only if

> anl*|An] < 0. (18)
n=1

Proof. (=) Assume that g € H}(Q), we have that |\,|~"/2f, forms an orthonormal
basis of H{(£2). We may thus write

9= b\l 21
n=1
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where ||g||z = 320, |ba|2. Since ¢ @ HE(Q) — L2(Q) we have g = X0, bu|An| "2 f, in
L2(Q) and therefore a, = b,|A\,| 2. In particular we have

oo o0
S anP Al =D < oo
n=1 n=1

For the converse note that >°° ; |a,|*)\,, < oo implies that the series
o
Z |lan fullin < oo,
n=1

and therefore 3°°° , a,, f,, converges in H}(€2). This convergence holds in particular when
applying ¢ and thus it must be equal to g. Thus g € H}(Q). ]

Now back to the proof, by the lemma it is enough to show that

o
> lanl*|Anle® I (19)
n=1

is convergent. Then the series Y02 |a,|* = ||uo||r2(q) is convergent, hence (a,,) is bounded

and ther exists an M > 0 such that
o o
5 fon P Pnle? 1 < M3 e
n=1 n=1

By the asymptotic formula, there exist C,Cy > 0 such that
Cini < |An|t < Coni,

This gives us
[e ] o0 2 2
> Pl < 3 Gpmde 2t

n=1 n=1

but the latter is convergent as it is exponentially decaying in d as ¢ > 0.

(c) For any compact set K C €2 we have
o] oo 2
Z |a’n|eil)\n‘t||fn”[(7oo << Znﬂef201ndt’
n=1 n=1

for some x > 0, which is again a convergent series as in (b). Since C°(K) is a Banach
space, u is continuous on K. But K was arbirary so u(+,t) is continuous on 2.

It remains to check that ||u(-,t)||x00 — 0 as t — co. By the above it suffices to show
that for any x > 0

0 2
bt) =Y nfe 2

n=1
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as t — 0o. Note that b is monotonely decreasing and so it suffices to show that for any
e > 0 we can find ¢t € R with b(¢) < e. Let N € N be such that

o d

— 2
g nfe 201n? ¢
n=N

Note that for any [ € N we have
2 - Kk ,—2C n%E%
b(l1) = > nfe
n=N

e

meN: [jm

2
— (K Z mrceQClmE )

meN:lim
which goes to zero as [ — oo.

(d) We recall that the solutoin of exercise 4 consisted of two steps: 1. Estimating the
supremum norm on K by the H*¥-norm for some %k and
2. Estimating the H*-norm by the eigenvalue and the L?-norm.

For step 1 we note that we have an inclusion
H*(Q) — CY(Q) (20)

which for k& > [ + g is fullfilled by the Sobolev embedding theorem. Therefore, one ought
to show that

100 [l K00 = 100X ) K00 < NIXSlan0)

for all x € C°(§2) with x|k = 1 and « with |a| < ¢. Then applying the statment in
exercise 5 for ¢ and k with ¢+ ¢ < k < ¢+ £ + 1 verbatim we obtain for |a| < ¢. Then
applying the statement in exercise 4 with ¢ + % <k</l+ % + 1 we see that

k dy L1
100 f|1x.00 < |IXFllmri@) < A2 fllz2i@) < IAFT272 | f]]L2(0)-

This gives the polynomial rate in the eigenvalue and therefore the partial sums of (-, ?)
converge in C* on K. Which implies smoothness for z. For smoothness in all paramters
we note that the time derivatives of the partial sums of u(-,t) look like

i\f: ap e f (). (21)
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