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8.1. A Poincaré-like inequality on the unit ball.

Assume by contradiction that the statement is false. Then there exists a sequence {uy }ren

with
A ({ur(z) =0}) = a, (1)

with ||ug||z2 = 1, but ||[Vug||zz — 0 as k — oo. Since H'(B(0,1)) is a Hilbert space we
may assume WLOG that u — u weakly as k — co. By the Rellich compactness theorem
this implies that uy, — w in L?(B(0,1)). As |lux]|z2 = 1 for all k € N by L? convergence
we have that ||u||z2 = 1 as well. Moreover we have that

HVU”LZ S lim inf HVUkHLQ = O,
k—o0

again by weak H'-convergence. Therefore u must be constant almost everywhere u =
¢ 1= 1/+/vol(B(0,1)). But then for any k € N. But then for any k € N, if for arbitrary
keN

Sy = {JZ S B(O’ 1)|uk(m) = O}v (2)

we have that
[lu = well 2By = [lu— uellrzs,) = /S u(x)[* dx > ac®.

In particular, as all sets Sy are non-null sets with A(Sy) > «, we conclude that u cannot
converge to u on L*(S}y) hence also not on L?(B(0,1)).

8.2. A variant of Hardy’s inequality. NOTE: This exercise had a significant typo.
As this complicated matters by quite a bit we present here a rather straightforward
solution.
We do note that it suffices to prove the inequality for u € C2°(R™) as one can always
argue by density of C2°(R") in H*(R"™). Let now A > 0 arbitrary, and consider

zu(x) 2 d 3)

< EE

—/ B \vu\2dx+/ [ru @) o [ B g, (4)

|z |2 wo oz

Now note that

/n Vu - zu(z) dr = /n -—uVud:r

[ |2

T 2
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(note that the later inequality was what was asked to compute in (c)). Since

r o _n=2

NE
then we find with integration by parts that

-2
Vu - xu(x)dx - / |Vul? dz.
R |z|2 2 Jre

Now going back to (3) we have that
2 2 u?
0 < A2V d:z:—i—(l—(n—Q))\)/Ranx.
The above is a second degree polynomial in A > 0 which attains its minimal value for
n—2 [u?/|r]*dx
2 [|Vu|?dx

A\ =

Plugging this equation into the last inequality we find

2

U 2 \?
— dr< (= 2 da.
/R" |x\2dx_ (n—Q) /IR" [Vl de (5)
———

=C

8.3. Uniform bounds on functions in W™!
Let u € C°(R") and let = (x4, ...,2,) € R be arbitrary. Then,

1 OJu

w(zy, ..., x,) = T(sl,xg,...,xn)dsl
—o0 021
a2 §Py
:/ / (81,82, T, ..., xy,) dsyds;
—o0 J—0o0 8x28x1

1 Tn O™ u
:/_OO.../_OOM(sl,...,sn)dsn...dsl,

() 00 o
= |u(x)| < /_OO . ../_OO W(sl,...,sn) dsy ... dsy < [Jul|wnimn).
Since x € R™ is arbitrary,
VU € Cso(Rn) . ||U||Loo(Rn) S ||uHW"v1(R") (6)
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follows. The inequality (6) remains true for arbitrary u € W™!(R") by density of
C>(R™) in W™(R"). Indeed, given u € W™ (R"), let (ug)reny be a sequence in
C(R") such that [|u; — ullwnimny — 0 as k — oo. Since inequality (6) implies
g — U oo @ry < ||tk — U || w1 @ny the sequence (ug)ren is Cauchy in L*(R") and
hence convergent to some v in L>°(R™). In particular, uy(z) — v(z) converges pointwise
for almost every x € R" as k — oo. Moreover, since |ty —u|[zn®n) — 0 implies pointwise
convergence almost everywhere on a subsequence, v = u almost everywhere follows by
uniqueness of limits. Passing to the limit k& — oo in ||ug||peern) < ||tk ||wn.1@n) proves
the claim.

8.4. Horizontal derivatives
Given v € H*(R}) N HJ(R?) and h € R\ {0}, let Dy ;u: R — R be given by

u(z + he;) — u(x)
h )
where e; = (0,...,0,1,0...,0,0) € R™ has the entry 1 at position i € {1,...,n — 1}.

DhJU(iU) ==

The translation by he; is an isometry of H'(R") and carries C2°(R’:) into itself, so it
carries its closure Hg(R" )into itself. Therefore, u € Hj(R") implies Dy u € Hj(R%).

According to Satz 8.3.1.iii) the assumption v € H*(R"}) implies

Hence, there exists a sequence hy E2% ) such that Dy, ;u converges weakly in H I(Ri)
to some v € H'(R") as k — co. Since Hj(R'}) is a closed subspace of H'(R"), it is
weakly closed. Therefore, v € Hg(R"). Moreover, for any ¢ € C°(R":) there holds

hiei) —
/ vpdr = lim u(w + hies) = u(@) o(x) dx
R7 k—oo JR? hy
1
= lim </ u(z + he;)p(x) de —/ u(z)p(x) dx)
k—o0 hy, R? R

-t vt i

+ +

k—o0 Ri hk
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By definition of weak derivative,

ou
=v e H}(R"
8IZ‘ 0( +)
and the claim follows.
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