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1. Basic properties of the Lie bracket

Let M be a smooth manifold, X , Y and Z belong to Γ(TM), and f , g belong
to C∞(M)

a) Show that the Lie bracket [ · , · ] is bilinear and satisfies:

• [Y,X] = −[X, Y ]

• [fX, gY ] = fg[X, Y ] + fX(g)Y − gY (f)X

• [X, [Y, Z]] + [Y, [Z,X] + [Z, [X, Y ]] = 0

b) Show that in a chart (ϕ,U), if X =
∑

X i ∂
∂ϕi and Y =

∑
Y j ∂

∂ϕj , we
have

[X, Y ]|U =
∑
i

(∑
j

Xj ∂Y
i

∂ϕj
− Y j ∂X

i

∂ϕj

)
∂

∂ϕi

2. The Levi-Civita connection on a submanifold

Let (M̄, ḡ) be a Riemannian manifold with Levi-Civita connection D̄, and
let M be a submanifold of M̄ , equipped with the induced metric g := i∗ḡ,
where i : M → M̄ is the inclusion map.

Show that the Levi-Civita connectionD of (M, g) satisfiesDXY = (D̄XY )T

for all X, Y ∈ Γ(TM), where the superscript T denotes the component tan-
gential to M and D̄XY is defined(!) as D̄XY := D̄X̄ Ȳ for any extensions
X̄, Ȳ ∈ Γ(TM̄) of X, Y .

3. Gradient and Hessian form

Let (M, g) be a Riemannian manifold, D the Levi-Civita connection and
f : M → R a smooth function on M .

a) The gradient gradf ∈ Γ(TM) is defined by

df(X) = g(gradf,X), ∀X ∈ Γ(TM).

Compute gradf in local coordinates.

b) The Hessian form Hess(f) ∈ Γ(T0,2M) is defined by

Hess(f)(X, Y ) = g(DXgradf, Y ), ∀X, Y ∈ Γ(TM).

Prove that Hess(f) is symmetric and compute Hess(f) in local coordi-
nates.
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