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Solutions 7

1. Jacobi fields in space forms

Let M be a space form with curvature κ ∈ R. Furthermore, let c : R → M
be a geodesic which is parametrized by arc length and N0 ∈ TMc(0) with
|N0| = 1, 〈N0, c

.
(0)〉 = 0. Determine the Jacobi field Y along c with starting

conditions Y (0) = aN0 and Y
.
(0) = bN0 for a, b ∈ R.

Solution. From Exercise 3 in Sheet 4, we know that

R(X, Y )W = κ (g(Y,W )X − g(X,W )Y )

and thus the Jacobi equation is

Y
..

+ κ (g(c
.
, c
.
)Y − g(Y, c

.
)c
.
) = 0.

Consider now an orthonormal basis c.(0), N0, X
3
0 , . . . , X

n
0 of TMc(0) and

the corresponding parallel vector fields c., N,X3, . . . , Xn ∈ Γ(c∗TM). We
make the Ansatz Y = fc

.
+ gN +

∑n
i=3 hiX

i and get

Y
.

= f
.
c
.

+ g
.
N +

n∑
i=3

h
.
iX

i,

Y
..

= f
..
c
.

+ g
..
N +

n∑
i=3

h
..
iX

i.

If we insert it into the Jacobi equation, this yields

f
..
c
.

+ g
..
N +

n∑
i=3

h
..
iX

i + κ

(
fc
.

+ gN +
n∑

i=3

hiX
i − fc.

)
= 0,

which is

f
..

= 0, f(0) = 0, f
.
(0) = 0,

g
..

+ κg = 0, g(0) = a, g
.
(0) = b,

h
..
i + κhi = 0, hi(0) = 0, h

.
i(0) = 0.

First, we note that this implies f ≡ 0 and hi ≡ 0. Hence, we have Y (t) =
g(t)N(t). Finally, we distinguish three cases to determine g:

• If κ < 0, we get g(t) = a cosh(
√
−κt) + b sinh(

√
−κt),

• if κ = 0, we get g(t) = a+ bt, and

• if κ > 0, we get g(t) = a cos(
√
κt) + b sin(

√
κt).
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2. Trace of a symmetric bilinear form

Let (V, 〈·, ·〉) be a m-dimensional Euclidean space and let r : V × V → R be
a symmetric bilinear form. Furthermore, let Sm−1 = {v ∈ V : |v| = 1} be the
unit sphere. Prove that∫

Sm−1

r(v, v) dvolS
m−1

=
vol(Sm−1)

m
tr(r) = ωm tr(r),

where dvolS
m−1

denotes the induced volume on Sm−1 and ωm is the volume
of the m-dimensional unit ball.

Solution. Let e1, . . . , em be a (〈·, ·〉-)orthonormal basis of V such that r is
diagonal, that is, r(v, v) =

∑m
j=1 λjv

2
j . Moreover, let τ0, . . . , τm−1 ∈ SO(m,R)

be the isometries defined by τiej := ei+j mod m. Then we have∫
Sm−1

r(v, v) dvolS
m−1

=
1

m

m−1∑
i=0

∫
Sm−1

r(τiv, τiv) dvolS
m−1

=
1

m

∫
Sm−1

tr(r) dvolS
m−1

=
vol(Sm−1)

m
tr(r),

since

m−1∑
i=0

r(τiv, τiv) =
m−1∑
i=0

r

(
m∑
j=1

vjei+j,
m∑
j=1

vjei+j

)

=
m∑
j=1

(
m−1∑
i=0

λi+j

)
v2j

= tr(r)
m∑
j=1

v2j = tr(r).

Finally, recall that ωm =
∫ 1

0
rm−1vol(Sm−1) dr = vol(Sm−1)

m
.
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3. Small balls and scalar curvature

Let p be a point in the m-dimensional Riemannian manifold (M, g). The goal
is to prove the following Taylor expansion of the volume of the ball Br(p) as
a function of r:

vol(Br(p)) = ωmr
m

(
1− 1

6(m+ 2)
scal(p)r2 +O(r3)

)
.

a) Let v ∈ TMp with |v| = 1, define the geodesic c(t) := expp(tv) and let
e1 = v, e2, . . . , em ∈ TMp be an orthonormal basis. Consider the Jacobi
fields Yi along c with Yi(0) = 0 and Y

.
i(0) = ei for i = 2, . . .m. Show

that the volume distortion factor of expp at tv is given by

J(v, t) :=
√

det
(
〈Ttvei, Ttvej〉

)
= t−(m−1)

√
det
(
〈Yi, Yj〉

)
,

where Ttv := (d expp)tv.

b) Let E2, . . . , Em be parallel vector fields along c with Ei(0) = ei. Then
the Taylor expansion of Yi is

Yi(t) = tEi −
m∑
k=2

(
t3

6
R(ei, v, ek, v) +O(t4)

)
Ek.

c) Conclude that J(v, t) = 1− t2

6
ric(v, v) +O(t4).

Hint: Use det(Im + εA) = 1 + ε tr(A) +O(ε2).

d) Prove the above formula for vol(Br(p)).

Solution. a) As we have seen in the proof of Proposition 3.6, the Jacobi fields
Yi are given as variation vector fields along c of αi(s, t) := expp(t(v + sei)),
i.e.

Yi(t) =
d

ds

∣∣∣∣
s=0

αi(s, t) = Ttv(tei)

and therefore Ttvei = 1
t
Yi(t).

Furthermore, we have 〈Ttvv, Ttvei〉 = 〈v, ei〉 = 0 by the Gauss Lemma.
Then the volume distortion is given by

J(v, t) =
√

det
(
〈Ttvei, Ttvej〉

)
= t−(m−1)

√
det
(
〈Yi, Yj〉

)
.
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b) We check that the derivatives coincide. Clearly, we have Yi(0) = 0, Y
.
i(0) =

ei and Y
..
i(0) = −R(Yi(0), c

.
(0))c

.
(0) = 0. Furthermore,

Y
...

i(0) = −(Dc
.R)(Yi(0), c

.
(0))c

.
(0)−R(Y

.
i(0), c

.
(0))c

.
(0)

= −R(ei, v)v = −
m∑
k=2

〈R(ei, v)v, ek〉ek = −
m∑
k=2

R(ek, v, ei, v)ek.

c) With the above, we get

〈Yi, Yj〉 = t2〈Ei, Ej〉 − t4

6

m∑
k=2

R(ei, v, ek, v) 〈Ek, Ej〉

− t4

6

m∑
k=2

R(ej, v, ek, v) 〈Ei, Ek〉+O(t5)

= t2δij − t4

3
R(ei, v, ej, v) +O(t5)

and thus

J(v, t) =

√
det
(
δij − t2

3
R(ei, v, ej, v) +O(t3)

)
=

√
1− t2

3
tr(R(ei, v, ej, v)) +O(t3)

= 1− t2

6
ric(v, v) +O(t3).

d)First, we use polar coordinates:

vol(Br(p)) =

∫
Br(0)

J(v, t) dx1 . . . dxm =

∫ r

0

∫
Sm−1

tm−1J(v, t) dvolS
m−1

dt.

Then, using exercise 2 and the above, we get

vol(Br(p)) =

∫ r

0

∫
Sm−1

tm−1(1− t2

6
ric(v, v) +O(()t3)) dvolS

m−1

dt

=

∫ r

0

tm−1

(
vol(Sm−1)− t2

6

∫
Sm−1

ric(v, v) dvolS
m−1

+O(t3)

)
dt

=
rm

m
mωm −

rm+2

6(m+ 2)
scal(p)ωm +O(rm+3)

= ωmr
m

(
1− r2

6(m+ 2)
scal(p) +O(r3)

)
.
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