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Exercise 9.1 [Age process - follow-up]
Let (Nt)t≥0 be a renewal process with arrival distribution F . Recall that the age process (At)t≥0
of (Nt)t≥0 is defined by

At = t− SNt
.

For x ≥ 0, we set ax(t) = P[At ≤ x] for t ≥ 0. In Exercise 8.3, it was shown that ax satisfies the
renewal equation ax = hx + ax ∗ F , where hx(t) = 1{t≤x}(1− F (t)).

(a) Assume that F is non-lattice. Compute

lim
t→∞

ax(t) .

Hint: Apply Smith’s key renewal theorem.

(b) Deduce that At converges in distribution to some random variable A∞ as t→∞.

Exercise 9.2 [Cycles of operation and repair of a machine - follow-up]
Let (Ui, Vi)i∈N be a sequence of i.i.d. random variables with Ui ≥ 0, Vi ≥ 0. Assume that Ti = Ui+Vi

is not almost surely equal to 0 and denote by F its distribution function. We interpret Ui and Vi

as alternating periods when a given machine is operational or in repair. The period U1 begins at
time 0. For t ≥ 0 we define Yt = 1 if the machine is operational at time t and Yt = 0 otherwise.
Let g(t) = P [Yt = 1] denote the probability of the machine being operational at time t ≥ 0, and
g(t) = 0 for t < 0. We also define h(t) = P[U1 > t]. In Exercise 8.4, it was shown that for t ≥ 0,

g(t) = h(t) +
∫ t

0
g(t− s)dF (s),

i.e. that g is the solution of the (h, F )-renewal equation.

(a) Assume that E[U1] < ∞ and that F is non-lattice. Show that the function h is directly
Riemann integrable and conclude that

lim
t→∞

g(t) = E[U1]
E[U1] + E[V1] .

Exercise 9.3 [Poisson approximation]
Let (pn)n>0 be a sequence of parameters (pn ∈ [0, 1]) and λ ∈ (0,∞) such that

lim
n→∞

npn = λ.

For every n ≥ 1, let Xn ∼ Bin(n, pn). Prove that Xn converges in distribution to a Poisson-
distributed random variable X with parameter λ, i.e.

Xn
(d)−→ X ∼ Pois(λ) as n→∞.

Hint: Consider P[Xn = k] for fixed k ≥ 0 and show that it converges to e−λ

k! λ
k.
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