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Solution 13.1

(a) No. In order to be a Poisson process, the stochastic process (N;);>o would also need to be
almost surely non-decreasing and right-continuous (see the definition of counting process in
Section 7.1).

(b) Let U be a uniform random variable taking values in (0,1]. Define (IV;)¢>0 by
Nt = Z ]li-l-Ugt-
i=0

It follows directly from the definition that (IV;):>¢ is a counting process and it makes jumps
of size 1 at the times U,1 4+ U,2 + U, .... The process has stationary increments since for any
t > s > 0, the increment N; — N, only depends on ¢t — s. To show that the increments are not
independent, it suffices to note that

Nijs — No = locy<ijz and Ny —Nyjp=1y5.p<1 =1~ (Nijg — No).

(¢) Yes. By definition, a counting process is almost surely non-decreasing and right-continuous.
In particular, left limits almost surely exist due to the monotonicity of the process.

(d) Yes. By definition, a counting process almost surely is non-decreasing and takes values in N.
Hence, for any ¢ > 0, the number of jumps in [0,¢] is at most N;. Since the random variable
Ny is almost surely finite, the same holds for the number of jumps.

Solution 13.2

(a) For the choice p(u) = X for all u > 0, we obtain for 0 < s < ¢,

/ o) = At — 5),

and so N; — N, ~ Poisson(\(t — s)). Hence, it follows from part (iii) of Theorem 7.2 or part
(ii) of Theorem 7.3 that (N;);>o is a Poisson process with rate A.

(b) In general, the increments are not stationary. In part (a), we have seen that the increments
are stationary if p is constant. Conversely, if p is not constant, we can choose u,v > 0 such
that p(u) > p(v). Then for some h > 0 sufficiently small,

u+h v+h
[ s> [ sy

and so the increments N4, — N, and N, — N, do not have the same distribution.

(c) The intensity measure u, of the Poisson point process M is defined by

no(B) = | sl

for B € B(Ry).
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(d) In general, S; and Sy — Sy are not independent as the following result shows.
Claim: S; and S, — 57 are independent if and only if p is constant.

(<= ): If p is constant, then by part (a), (IN¢):>0 is actually a Poisson process with rate
A = p. Hence, the inter-arrival times are independent Exp())-distributed random variables.

(= ): Let s,t > 0. For every € € (0, s), we have by the independence of the increments that
]P)[t < Sl S t+€] = P[Nt = 07Nt+6 - Nt 2 ].] = ]P)[Nt = 0] 'P[Nt+5 - Nt Z 1]7
and

P[SQ —Sl > S,t < Sl < t+€] :P[Nt = OaNt-l—e _Nt = 17Nt+s —Nt+€ = 0]
= P[Nt = 0] . P[Nt+6 - Nt = 1] . ]P[Nt+s - Nt+e = 0]
By assumption, S; and Se — S are independent and so we have

]P[Nt+6 - Nt = 1]
P[Nipe — N > 1]

P[52—51>S]:P[S2—51>S‘t<51St"‘ﬁ]:]P)[NpFS—N,H,E:O}'

Letting € — 0, it follows that

P[Sy — Sy > ] = exp (- /t w p(u)du) :

where we have used that fffe:zm — 1asz — 0. This is only possible if for all s > 0, ftt+s p(u)du

does not depend on ¢. As in part (b), we conclude that p must be constant.
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Solution 13.3

(a)

(b)

The function p : [0, +00) — (0, +00) is continuous, hence integrable, and so R is well-defined
and continuous as a function of ¢. Since p is strictly positive, R is strictly increasing as a
function of ¢, hence injective. Finally, since fooo p(u)du = +oo, R is surjective.

Since R is a continuous, increasing bijection by part (a), R™1 : [0, +00) — [0,+00) is a
well-defined continuous, increasing bijection. In particular, R~1(0) = 0. This implies that
(Nt)tzo is a counting process. Furthermore, for any £ > 1 and 0 = tg < t; < ...tg, it holds
that 0 = R™1(tg) < R7(t1) < ... < R71(tx), and so the independence of the increments of
N follows from the independence of the increments of N. Finally, for 0 < s < t,

R™H(t)

Nt — j\vfs = NR—I(t) — NR—I(S) ~ POiS(/

p(u)du),
R=1(s)

=t—s
and so we conclude that N is a Poisson process with rate 1.

As in part (c), we first note that (IV;);>¢ is a counting process with independent increments.
Furthermore, for 0 < s < t,

Nt — NS = NR(t) — NR(S) ~ POiS(R(t) — R(S)),
f: p(u)du

and so we conclude that N is an inhomogeneous Poisson process with rate p.

Remark: Alternatively, it is possible to prove (b) and (c) using the mapping theorem for Poisson
point processes from Section 6.9 and the correspondence between Poisson processes and Poisson
point processes established in Theorem 7.2 (as well as an analogous result for inhomogenous Poisson
processes).

Solution 13.4 Let t > 0 be fixed.

(a)

Let us consider 0 < u < t, 0 <wv. We have that
]P[At Z u, Bt > U] = ]P)[SNt S i— u, SNt_A'_l >t 4 U] = P[Nt+v - Nt—u = 0] = eiA“eﬂ\”

and if u > ¢ we have P[A; > u, By > v] = 0. Let U,V be independent random variables with
distribution Exp()). Note that

PUAt>u,V > 0] =e e Mlg,<y.

Denote p(4,,,) the joint law of A; and By, and pae,vy = Huae @ pv the joint law of U At
and V, which is the product of their laws by independence. These measures agree on the set
{[u, 00) X (v,00);u,v € R}, which is a m-system that generates B(R?). By Dynkin’s Lemma,
this implies that u(4, B,) = puat ® py. Therefore, for u,v >0

P[As > u] = pya, B, ([u,00) X R) = prae ® pv([u, 00) X R) = e M1,y

and
P[Bt > U} = /’L(At,Bt)(R X (U’ OO)) = puat ® MV(R X (Uv OO)) = e_M)'
This shows that A; ~ T1 At and that B; ~ T;. We can also see from the steps above that for
any u,v € R,
P[At Z u, Bt > ’U} = ]P[At Z U}]P[Bt > U].
Since the families {[u, 00);u € R} and {(v,00);v € R} are m-systems that generate B(R), we
conclude using Dynkin’s Lemma that A; and B; are independent.
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(b) From (a) we know that the densities of A; and By are given by

fa, (@) = Lococnyde M +e Mo, fB,(2) = Lipsopde M.

Since A; and B; are independent, the density of L;, is given by the convolution of f4, and

th:
fru@) = [ fata =) fs ()
For 0 <z < t: .
fr,(x) = / e AT N Mgy = \2geT
0
For = > t:
fr.(x) = / Ae ANE=V N AW dy 4 NN TANETD = \(1 4 At)e ™A
r—t
Hence,
e 2 —exp (—At
E[L,] = / zfr, (x)de = %
0

It follows that 5
tlinolo E[L:] = 3= 2E[T1].

We discover that the interval in which ¢ falls is not a "typical" interval. To give a short
explanation note that the probability of ¢ > 0 lying in a large interval is larger than the
probability of ¢ being contained in a short interval. This bias causes the selected interval to

be on the average twice as long as a typical interval.

Remark: Alternatively, parts (a) and (b) can be established using the correspondence between Poisson

processes and Poisson point processes established in Theorem 7.2.
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