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Exercise 4.1 (Brownian motion) For all N € N, we split [0, 1] into N many intervals with equal
length ¢ = % We define a discrete stochastic processes W/ at {0,6,24,...,1} s.t. W& =0 and

Whis—Wihs=X,, Vn=1,...,N,

where (X,,) are i.i.d. random variable s.t. P(X,, = V4) = P(X,, = —/J) = 1. WX is a symmetric
random walk with walking size V3.
(a) Prove that at t = nd.
EWN] =0, Var[W}]=t. (1)
(b) Prove that at each fixed t = nd, as n — co.

W — N(0,1). (2)

(¢) What is the definition of Brownian motion?

(d) Prove that Brownian motion is & — ¢ Holder continuous a.s. for all € € (0,%). (Hint:

2 2
Borel-Cantelli Lemma)

Solution 4.1

(a)

EWN=E[)_X]=0 (3)
By independence )
Var[WN] = Var(}  X;) = Var(X;) =nd =t. (4)
(b) By CLT
lim 2= N(0,1) (5)

n—o0o \/ﬁ

(c) A equivalent definition to the standard one is the following: Let H = L?((0, 00), B((0,00)), \)
a Hilbert space where A is the Lesbesgue meansure. Denote by W the H-isonormal Gaussian
process and let B; = W(1(y). Then (B;) has the law as the Brownian motion and the a.s.
continuous path can be proven by the standard Kolmogorov’s continuity theorem.

(d) Recall the Kolmogorov’s continuity theorem (an application of Borel-Cantelli). If a real-valued
stochastic process (X;) has the property that for all K > 0, there exists positive «, 3, C' such
that forall0 <t <t+h < K,

E[|Xon — Xi[°] < CRI2. (6)
Then a.s. (X;) is y-Holder-continuous for all v < g Since for all k& € N there exists C' > 0 s.t.
E[|Besn — Bi|**] < Ch'*. (7)

1 1

Therefore Brownian motion is 5 — ¢ Holder continuous a.s. for all € € (0, 5).
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Exercise 4.2 (Ito’s formula) Let W be a Brownian motion on [0, c0) and define

n

QUW) = (Ws = W)’ (8)

i=1
(a) Prove that Q™(W) converges to 1 in L?

(b) Prove the following convergence in L? sense

n

: _WE—-1
Jim, D Wina (Wy = Want) = =5 — ©)
(¢) Prove that if f is smooth and bounded
t t e
W
sv) = 10+ [ rovaaw+ [ L0 g (10)
0 0
Solution 4.2
(a)
n , 9 n )
E[(SWs - Wea)? = 1) ] = Var(S(Ws — Wi )?)
i=1 i=1
= Var(W: — Wizr)?)
i—1 n n
4 1
= n(E(W%) - 7)
3 1
—n(ﬁ n2)—>0 as n — 00

(b) Combining (a) and the fact that

QWQ(WL —Wz‘—l) = (Wz —&-Wg)(Wl — Q)—(W — Q)Q.

(c) By Ito’s formula
1
df (W) = f'(Wy)dWy + if”(Wt)dt

Then taking integral of both sides gives us the result.

Exercise 4.3 (Black-Scholes model) Let o > 0, X; = X exp{ocW; — C’th .

(a) Prove that X is a solution of
dXt = O'Xtth.

(b) Let K > 0, calculate
Co =E[(Xr — K)4].

(c¢) Let K > 0, calculate

0
TXOE[(XT - K)4l

Solution 4.3
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(a) Check by Ito’s formula

(b)
Co = Xo®(dy) — KD(ds)

where )
B log(32) + T

. dy=dy —oVT.
J\/T 2 1

dy
We show details in exercise class.

(©
S Bl — )1 = ®(ay).

We show details in exercise class.
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