Lograugian  svbwomijolds

Gool: prove tat fogar's wekic on R* is ou - decgnerode
- we woduce  Logougiau submauwdolds.

Dediuihon

heb (M?%, 2) o sywgledic wawdold aud et LeM o whiouod.
We colk L Logranguou i - tiwl =4 diw M =u

. &ITL =0
A eubeddling (Of imuwersion) g L — M*" s couted hagrauquu iy Yo =o.

Exqw.‘nz :

A lurves on suedaces:

hek (M%) be Qu Ofienfed eurae with au area Yoru.
Uouw : Eij wrve is kagmug«‘au

Prood ;- The +au9wc SpoLle fo O wrve it oue- diweusionos
- 2 vowivihes when it's evauoded oun two pq)oﬁ'onol vedors .

2) ket N" be @ uy - wauidolo
Coustoler Hhe cotougut  bynolle M= TN o4 N with the natral rojection mTT“N—N, (pg) —9q.
We odedine the ‘-!ou,owma A-Youx A ow M widh is wled the Liogvilie o .
For geN, g9eTN oud £eTppT N we ek ,\(g)=<\o,m§> , where <> s the nodvro) pou’rm%

etween T*N oud TN.
doiw: . =dA isa mauyledic Yorwe ow T*H.

Proog: e Uk Wuad toordinates (a—Pu,Ga—qd On T*N aud we write ’§’=tpA,_\13u.qA._.qn\
SQ TI—*g‘(q;.—\QMB.

Witk this notohon  we hove <p, T > =Zp;qi aud then Jotows AR) = Zpidq;.
Thereore o = dA = Z dpiadgi, whick iv the  staudard Qnow/(léd'ic Jow on R=A. O

3) hOOAUGIOU SUSPEUVION :

ket L e (M. pea hograugiau svburawitfold .

Cousider 0. (oop o Hawitowiau oudfeamorptisn {ney , Ee 8% ho=hka=4, qeneroted ha o A-perioglic
Hauwilowan Yuuction (. t).

These are ‘30"‘9 to be useu (oker



ek MxT*S* be o sywplectic wanifold with  sywptectic Yot - 2 +drade.
Hoas beore owd (16 ofe +he oorokmates on T*S* = R x 8.
Then ¢: LxS"— MxT*s"

(X EY = (A, = (R 00 E), &)

i a kac)raug&au mbeo{ouug.

Prooy:

Enougk to show : G* o vaushes ow Ours (5.5 amd ow iy (Sﬁ;—t) Yo £, eTL aud a_a_eTST
We om‘j heed these to swow Haese two fours becouuse  the other Pom'lo«a fmcs VaWUe s "‘9 aumvumehdl

By owputing, we obtaiu » ¢, & =240, B lseo o [ =L, =5 oud p(s)=x

=2 (h ), -t Ch (y(s) Bls=0
28
L _ 2 i
= @) (8 (dﬂe\kur(m(db\t\(g))a_r / using the pumt,ﬂamrol
=he, & - <Ottp heE>2
Ox§'=he g - <dtp he €52

ouad au,co.(o%ouxbj
= L) = TP 8 P §) = 2 (h, &, he §) = = (88) = o
|—L La%rm%(nu
. 3 _d ( il
. 2 & We (), — # (kOO ©)
shew gradiens o Hy
=‘s?arud Rl - (g_“E(hb(x\) - o (sorad Hgv\g)% + ‘%
sqrad #, ~ (<dtte, sorod He> + %)_{7 + 2
= qroo 4, — % 2 2
B AL T A T
= ¢ (8 %) = = (he,§, sqoat) + drAdt(~<dﬂtlhb,§>5’c}(_ \ %a_t)
=_Q(ht*§] S%\'G.O(HL—\ - (dHt. hbv\£>
= dife(hgy §) - <dite, g, §)
=0
O]

Then ¢ isa ka()mug{a,u ewbeda&u9



The kiouville oss of hagrougiom svpwauifolds i "

ket Lec (R dpadq) be o hagraugion svbwauifold.
ket A= padger -+ padQu +he kiowile Yorw, oud Ay festricion to L.

Nofe: dlAjry) == |7 =0

De Wiwtion:
The chomology tass A € H' (LR o4 this eloxd A-Yofw is

Wlled hiouville 0SS oy he LoRfougian svbwantfold L.
Suwilary, ora. kagougian ewbedokugy of iwunersion ¢ - L—R™
we defiue the Licovlie voss o8 [@*A].

Geowetticol whergerafion - (04 Hhe hiouvike dass of o LoQrouguom svowouijold)
ek H4(R) be a A-yde.
We can thew Yiud @ 2-chain Z w R** with 2T =a.

(Ao = Joa ==
Note: iudependent o =.
(Ao it colled the syupleche area of @
CAL IS InOnoWs ynoler mowPleckowor pluiswes oy R A.e. ‘f“@lu =AL

Assume thok LR is a towd kogromgiou subwousfold.
Then A_ + O. Andomo wilk frove i next twe

A For a hORIOK QI (wamerwons This storewiens is not frue in opnerd.

Exawple 02 W= A:
Ay dowd ewbeooled wirve bounds a evbsth o\ posmve oreq. .
Bt , Y We foke \for exouiple the Wwersed Yigure ik wifve wu bound Qs with zeo area .

De\jiwition :
A doxd haqEugian svbwawiyold L (R*, 1) is colted rohonol
g ALCRA(L;Z)) cR i o ouscrete svbgroup.

We denote ifs Pow\ve %memﬂcor bmg OA(L).

EXMWL the zpwr tors  (whidh s Lagraugion) L= S*0) x —x S0 ¢ R*M s radionak
Proog: ecok €0 has @ Q\Aw‘ﬂl.die an 7e*, awd then oA(L\ =mc*

tiowever , Hhe torus S* (1) x S* (V2 ) ¢ RY is nob rokional, sinie the sy wpleckic
areos o4 the two ureles are T aud V4 T oud fney  generake O dease suogoop o R.

het L<R2(0) x R*"™* pe o clowd rational Lacgramg{ou wbwauxt,pow

Thew (L) < (% Andomo wilk frove i next twe

/\ The comoihion tha¥ L s ewedded s NeCessary .

Ex: s is an wumernd hagaugou svbmawold o4 otinfrary rnm?leoh'c reQ



het Lc R™ a towd rokionod hoQrougion wowauiold .

Than (L) > 4 (L Pooy : Youows Yow thw B, ¥e below.

Ri: s feyult guies oo lower bouna Yo the olisplacement energyy e() oy a rokionod Logfau(}\’w
whmowigod L wrt  #oYer'S weric.

wmugum N

Nou - dequierawy od roders wefric -
Thi € impties Yok toger's wekic on How (R w) is nou-dlegenerote .
Proog: het BEM(N=A pi+__+pi+qir— qh <) Eadh bott B0 cowdouns o fodional sglik torus

2 2
SUE) x—x S = dpiraia g, pReah- 2.
Thu e(Bz“(r\-gh:sz =y a o4
S ,2_n>0 wﬁea wow - ccguwraus P

[Adwomﬁ ﬁo\(&f f(oued e(&z“m\=7r("“.]



T sAuwoding the Ousplocement mu%:
Goat oy Hhiy sechion: rove thw C \Mu% o R

het P 8 A leinvanawk pmdo—oumw on Hown (M, 2) owol lef A a bounded svbset of M.

De\piwtion
The  dkspacewent euergy of A is gweu hy

er= WL p(a 1 Qe tam(H D Y NA =)

-Thaﬂo&{&%wwabewm L"A%O(.(?P(Qudblﬂ%ﬂ"

- onetion : Y @ = oo
Y eM+o Wwe S0y thod A has Posn‘hve mpmmw ener\S,

’Progrﬁes . - mouotone: AR = e(A) € e(R)
gy cIwariawk o e(A)= e (A Yor every o boviau ouﬂaoworpu\'sw\ 4 ol M
(£.0. Y etraumMw)
To fove fhuw ¢ , we proteed in 5 steps:

as

a,(rw.oty

w«cen

%’rgp»i: Let L be a dowd rakonal Lagromguon wbwouwiJold. ket he bt e [00) be o poth 04 Houulkonion oidyeoworplivm st.

ho=A aud h,(L)NL =@ .
Fx £€>0.
weOcj we cou 0swme thok Wy = A Jor ke [0.E] omd hy =y Yor te [4-¢, 4]

lnaleed, This O be auitved () <uitabie reparoun. O Hhe Yow Wik preserues He lengit -
Ex . ke 14¢h , keloa] be o Hawittoniou Yow generoked iy a normalited Houiltoudsh Fixt).
Thew Mach, beloi) s aqaiu a tawditonion Giow qeneraked by aFix,at).
ln Yok , overy frounilionian o' geowor plisun is O hwe - one wop of sowe o toniau.

ket H(xD the wrfesponoliug  fauitkoniouw Yundhion .
Sk L= length fhyy = §) wox Ky~ w e dt

bs:€s 4y (Hhun )

- >

step2: We dedde & op oy Hauwikoniou dugfeoworpmsius  Yor te0.2].

he k¢ (o)
Qe =Thn.-¢ tel2)

withh  Hawilformou

t (o)
é'\()(\t\ _ H(x© €
-H(x.2-€) ke [1.2]



Uoiw: {2 @Quoo Bt —o Wx . (we ose it later %)

A 2

Pooy - lo 60 .Hak = [ GG DAt + [ GGeLo Dot
0 A

(W‘P\ )

t(hy 0 Diat+ T-H(h, 2- Bk

2

(g ) Bak- | Hin, 2-Bdk | |
- - ' F-2-t, of = -dt, [=]--
B (hy B ab) 117

60— ge—nx

09—y

o\

=0

We fow afply  Ex3 (Lagaugou wy,xnn'on\ oud we Gtk o new kogouguu wowaudold L'c R*Mx T <"
as the Wa% od Lx§* vnoler tne w,af/n'u9

(GE) = (g LX), = & (g (k) £)
Note: here S"-R/2z .

We oOefine fwo Junction : 0, (B = —wiv G XD + £ & 0= wx G - €
X X

-

= L' R*"x € c®®" x T"g"

L auwalus  {0- ) << ax 0y /\A
t

+un
step 3 necks
Good: poss Yrow R2%x TS to RZ"x R%.

™

ln order fo do Hhok we  cousidel & parhwdor egwwm'c iwmerson 9 C —R*  ( Cirowou's k!{uhure ughk frick)

2 2

area (¢) = [0, (0-a- 10Vt T [Fuinla ) +€ +max (6ixd) +€) dt

©° o

- ofdmx (Qud) - miw (G0N +28) ot = [ (o (G 0D - win (G ot + GE

= Jwox (Roat)) - win (HixtEDolk 4 [ wox (~#x,2-8)) - win(-H.2-D)olt +4 &
’ g N J A

wox (- # (8 = win (- #(xE)) o oot = ]=-] ae--di
= {—wu‘u( R G + wax(H(xIDdZ
= af (umxHE-mMHb\ou + &€
0 X X

=20 +4¢

= the wage O(C) wu ht enclose k,a a ouse B o~Jg ared 2¢ +a0s



ep 4:
Consioler +he ‘{lgu,«fﬂtbhc wweson 0'=idx© . R x ¢ — R"x R®

S0 (L) ¢ R*MT s an immnersed hagraugan svbwmawifold owd ©'(L) c R*"x B

L"= O'(L"YY is eunbeololed

uonum -
[rtaua where olovkle poirdrs could oceuf iy inthe  +m nedes.

Prooy : note: the oy

For bel-ce] «gqeL)= ho (LVE L
2 Yor tel4-£2+8): qﬂ:.):h,m , auol b? msw»«frﬁon on mf/f halt)nl = ¢

= N0 ©Olovk1e pomk& owol 9'irau ewbedolug- O

5

bs: L" robionod (5o we aw a(zpuj thwm R)
We wik prove (L) = yuy.
het § be the wowposihon oy the Kagrauguau svspension auol ©,

L‘Wer), ’
xSt LR T“s‘i RN ( ) 2. 9)
¢ : L)( — X ,)Ay-,/)n,q/t._.qm X ”2 (P\q

(b)) — lqt(x>,e(—e(9btxm.t).b)3

Note: L" is the wuage oY LxS" ynoler ¢ . o c Lxdol
&
The group H,0L") s qenerateol L;g the zyms 04 the Yorw  @(b) where b <
YN = L) xS Ko L

O A @lh)=bx {000y — ;,ymfﬂem'c area o4 b aud @lp) oinusle

law 2 kek x be the orint gy KoY , teloz].
Note : Sb ¢*(P4dqﬁ+_,+ prolqu + polg) = [ Padgat —+ pndlQu + f@"‘Polq
=o+ [rot =- jf C—\(Qt()(o\\b)d%go
= L" is o rohonal hagraupiot swbwdd  withh d/(L)=J(L").

Sinee L' <« R*" xR ) thm B - a/(L") Sora(RY=2¢+ 10 Ve>o.
B

= e(l) > %G/(L)



Seconol  bool :

het (M,0) a suuptecht wawfold aud LeM he a cougack  hagrouguau  svbumdui fold.
Thew here custs o neghmourhood N (Le) < T*L of the 2ero section, a nbnd VeM oy L,
aud o ouYqeomophuiiu ¢ N (Lo —V sk ¢*w= -dA

¢|L = id
where A is the  cauomical A-Jorw ow TYL .

roog:
The poog is basco on the Yok thot +the normod hvndle oy L in M is isowmorptaic fo the fougent bunolle.
To oleYiue sveh isoworplusi , we Ve A courpahipte Cowptex hruchure T on the taugunt  hvnolle TH ([ exists iy a ?rop)

B"ﬂ aun augthe ProFom'hon we have that  +ne ng’oace JaTaL < TqM is the orthogonal com[mmerut od TqlL twrt
Fhe metric oy inowed by T, owol is 6 kegraugau whspace of (TgH, ).

hek @q:Ta‘L — Tql  the isoworrwisw\ inow ol &nj e webic 97, 4e. %S(Zﬁq(v*\ V) = UtV veTql

Now wnsider ¢ T*L—> M
$q.v) = expg (1q 8 4(v")

EXponeanol g o4 the RiswonuioM weme ¢ 7.
Thew Yo v=1(vo,vi) e TaL® Tl =TiqoT L we have  dp g0 =l + Jqdq (v

= ¢* Wig,00 Vi) = g (Vo + Sq @q(\/:)) Wo + ]q @q(wj))

g Vo, Jq8q (W) = Wqlws, Jg Fqlui)
= (ﬂ]- (Vo , Qq(w;“ - (a]{wo.ﬁq(V:\)
= W (Vo) — VAo

- -dA (9,0) (VIM

= the 2-Yorm ¢*w0 € Q°(T*L)  agrees with the wuomcod A-Yorm - oA gy, On the tero sechon

Done inﬂ Mostr }sofopg.

hewwa (Mos lsofo'p»;).
ket M be a 2n-oius . surcoth wdd oo QeM be a courpa ck wbw\a.

Suppost thoL o0 e 2°(M) are dowd 2-Yoruas s.k. ok eack point g o4 Q +he Yoms Wo amd Wi are equol aud
wan - glegenerake on TqM . Then 3 open nbhas WNo oo Wi o4 Q auol a acffeomorpuish Y:Wo— Wy sk Yo =id

YJVUA = W




