Deformations of symplectic forms and pseudo-holomorphic curves

Mo"\.vd\\év\
One of He nam cesolt of He talk s He proof of i(P(X»SZ )
WLQCL ihplfcs PV (*B = _iz_ Las sLov.M Ly Maﬁw) , 'H\us cov«rlc‘l‘;nj 'H»v_

COMPqufan of ‘I’L¢ ‘enb‘H\ S()ec."‘ru\n o-F How (_Sz>
TR of a 5chem‘ frollcw Hoat r‘u’u:!‘es fjeu)a -La(ou..(,rPL{c CUrves

‘lb LC Solved.

Quos. - Kahler strvcture

Def Lk M be o smwoth manifold An almed complex drucire on M
s an acfomorphism ) TM _, TM o 3% _A4

An ol complex manfold s a pair (M)

Dewste  He space of Olmst comex shuctores on M Ly

T(M) = §T e C(MEI(M) | T% 4]

_Dj£ L+ (_M, w) be o syvvplg,c'lic. vaauQ{'oU. An  aluest Cw-P‘cx shvture S
on M s compahble
5 . —,—MX TM __e ﬂz _
({/7) — W({,)7)

1S 6 Riewamaun wilne on M.

Bf. T dwost cowplex skeoctuee j 18 iv\'\’earaL\e f HZW con be covred Ly
COGVJ\.“\ML& CLAI‘{"S ¢t : U —_—> ¢C()> c I,RZ“ S.'\‘. V'o' € H

Jo() 0T = Jo 0 do(q) - Tt — R*
\xlbn -So = %h_—.%\>

% L¢+ (H, uu) L(, (2 SY\MPQEHC lﬁ'lalm‘{.olJ ahJ Sa COWPQ‘KL'¢
alhos'e Cahf‘v( $+l‘u6+\ll'¢, ‘ﬂu_ +"f|¢ (M,w,§> .ls a ijas;— kasuer vﬂanl‘f‘ou




L o - \l M | \"/ L4 ] we 37"\?’“5!"' i TUIU wnv J w """"ﬂl""O

alwmos€ cav-\p‘r.x structure . The +".|’|° (M,w,§> s a T;a;{- Wahlee nan[{'ou
_.T\E Y s in+chaL[c, (H,w,j) S a V&iuer maw{old .

Quasi ~Keller  wani {'al) ore relevadt oc all Sy NF(Z che W\ﬁu;€o Us can be aven
a Cow\ediu& a‘w\afé COw\Plex SéWCl:vF&. ‘“«(s {\ auaws .Fm\n can‘\‘mc"\..‘:l' H\[ a-(? :TCH)
However Here are exangles of won- lechler eymplechc  ma folds.

E@E A Wap 4)= CSQ, ) — (P,\D S @ fsquo-La\owareL:c cweve £ ot = \'\o@#
or Cfiu\vﬂ(ev\'n)’ Tb’d}:: _/lz-(¢*+ 50¢*06> =0

—n«e Je-For ha‘\\‘ovu Pr‘aL'eM

Let (P,W) be o cloged syw.plccﬁc mamfold ond € o fay W H%P,R)
w-‘\"/\ or; am &\' £W] .

How for  com oOwme Jeform w  with Syb\Plec'Hc dructures o P < [w]

MovesS om ¢ 7.

WCul( CaUpl'.n 9 cou.s‘érv(ﬁo\q

e 30 Su]('-f\'c;en‘{‘ly small | there  exists o smosth {‘ﬁw..ly of closed  Z-foms
we st on P (ﬁe (o,f.)) s+

« Wy syu«elec‘kc -(—‘ot' au ‘(:)o

WC See ‘H«a{' P*[’C‘] " Jaym‘f& | Lo"'r {-‘af‘ t>o ‘[:c,\_f*[’t’] 1§
Deuo e £(P) = Sup s . Wc Co"\ftlvd' an ex«v»(,|¢ wl-q-e i(P)<ao

Howlag{ml witer wez20




TL‘- caL\ah,la‘l’\/ 3roues Hh(P) Can L!. +Ur|.¢) M+D ﬁlnss Ly heaug o—F 'He

Cup (xoa’vc'l‘ :

o W(PY x HE(P) _, W' (p)
(."(I ﬂ) +— “Uﬂ

This is o bileor apau‘Kon that recpects He 3"0-0".“5.
Ve alo need Poincare JU‘JH'\/: for a closed ories <d v«m;{‘ou P
HP(P) = H.,,_P(P) Vee N,

P waflcckc W our cate o it s on@"‘a“g

—ﬂ’@ Poicare a’ual o\c ‘“{. Cup (o"‘OJdc‘l" 1< +Le ;w":O’u'_EHOIA f*‘bJUd'

If weH(0), e W (P) wd e dak awe AcHo (P),BeH, c(P)
xuv@ e H"Lt(P)
(A;B) = Hv\-(>+f) LP)

W'ﬂ'\ ‘He iw‘l‘ascc"‘-\o\a\ Pra)dd‘, Loholoay oM b hah.\{-‘ou Lccau«e.( (7% (‘mj
ASSUM woW ‘H\a‘l' P ¥ cow\u:l"cJ-‘ H’(P)S?

W )e-ﬁu [PJ / 'H.e -funJ&Nv\"‘ﬁ\ CIMS o.f N, as 'He U-«;t’ug e'wv{“
o-(-' Hh(-p) ‘H»\a"\' is chf\" +o /1 ov\)u Po.'v\we o‘oa\l.‘}')l-, _§, L[P]) =1

IF M c M ;S [ SuLh\ah[-foU O-F H ! ‘an l."\al\l.nlo\a 6 : N (- H
;vace; a LOha"rLN-SM Ly : H,,,(”) —> H.a LM> .
—n'l-h L*. (_[M]) [} Hv; (H) ;S ca"cJ ‘He c[as; o.F N ;\n M

Lt p.q st prg=dmMaim ad
Ae Ho(M) = A*e HI(NM) o A%uR* e BR(M)
BeHy(M) = B% HO(W
(A8) = (A*uB*)* e Ho(M)= Z
T s called  iiterection mdex of A au) B.
Ie dmN o A dM, ((N],(N]) it cdled imbosechion indee of N




Ie N A duM, ([N, (N]) it clled inbesccion idex of N

—

T[b iv\-\-usedkw (:I'OJJCI‘ ch.‘l‘; ‘He huh«la' ac ;vf\“erse_c'{\'mg (\/,{‘HA on'ew‘z\"\-a\«).

BL{: Let P4 be a 4—J|'v-\. SYMrlgc‘Hc wau;FoU and Z a symplu‘hc_ ewLeJJeJ
2 - s‘oLm. 1 (LZ], [_Z:D =-1, we al 2 w &cef‘h'ona‘ shpere

le« 404 [.C{" Z [ (P?w) Lc. Gwv exccp'Holnal SPLlfe ah) We a JG{‘OFH{HOM 0-(:
sywpledic  form (te(oa))  Tew ([(w] Z) >0

Aﬁéco&\'w\ +0 covell'v\l

We sudy dle covplng deformstion for He filmdion P(Te ) _, €P,
vhere T and C ore de ‘\'uu+o[oo'|co\| ond  Favial  bonlle Q.(fec‘hva\y.

Leb (F] be e doss of He fllo ed Z be He sechon corresponding o
He crank 1 slbodle 0oC.

Cnce  for bzc () np(e) =p ad all these fhes ae homologous

it Lfollows ([F], [F:D -0. Ao ([F], [ZJ) =1
T can be shoun that ([Z], [Z]) = _A

let w, be a cauehnb deformahon. Ry Moser's theorem , for € small wy

s symlectomorghic to o pasthve  symplecic furm o P(ToC) (a kible forn)
WLOG we com ossume wy i Wahler for € small.

IF follows Hat Z i syrplechc and  embedded . Togdier with ([Z],[Z]) =4
Hag 'mpﬂes hat 2 % om exceﬁ;omal sphere .

By Heoew 104.4 , ([w{,],[Z:l))O Vﬂée[o,4]

Recall (we) = 0¥ (&) + tc , e [T]e HZ(SZ,Z) 5 o 5ewra+ar aud

¢ is Yo copling clus.

Using  Poracare duaity | we idehipy howology and cohomoligy ol get the  follown
relahiong

(e*0,(F) =0  (e[3), (Z]) =1

/c.fF'_\\-/l % - n



Ce*led, (F) =0 (e*le), (Z]) =1
Lc,[F]): 4 et -0

Tle 32»@\-9:“0‘-; of Ha(gq,?) ae [F] aul (2] These celahions defie
P*[’L’} awd [’L‘] Uv\-'t,uely.

¥ (-2 (Fle p(Z] <= ¥ (F3+3(Z]
0=« (CF1, 5+ 0 ((Z(SD) = &
1= (e[, E]) = «((F1.(2]) =
1= (6 () = w(F(D) « 3(C23.(F)) - §

0= (ce)= ¢*((A. D) + 2¢((FLL2T) + ((Z]02]) = -1 o x-4

/

= (3= (7]

Teelore c= [Z] b _’12_ [F]

B/ using Thin 40.4A, i flows
0¢ (wa.,(2]) = ((A+t[2£ (7, (Z])
= (1 (2)+ £ ([23. (2]) « £(T72.(2])
=1 -t 162_
= te
Ths s fee for al weak deforiabons , so £(P) ¢2. Thi completes
the  proof

Prorr:&'Kgg o.p P:QUJO— Lo‘Oho“PL\.C Cutves

LC‘- (PZ"‘, W) [ SY\APIZC‘KC \h-\ahl--rﬁlJ 0\4) Ae HZCPIZ) o ec;w““l\'\,‘ Olﬂss
(.a/ Be HZ(P,Z> ol k)’l W\CQU' Sf" A - kg) Ta Par‘\'icu(ar A 7[0,

L&+ 3’ = 23 :TP__)TP l _Sz: -’“ ano' S s w- covvu‘“”g} QHJ
Voo §pec=(she)| [£]=4A1.
Tew %X .- i({f,» e Nx 2] la: f - O)S X s e swmosth wanifold aud



TL&A X . - i({.‘/‘)) 3 \MX:Y lag-(-‘ = 0/3 A S & SMoo‘H« hau:fou au(’
the em\ged{au\ e Qf__aj L oa Fee)La\lm opau’(‘or Y

IkJP.)( T = din l/\w'l\"*_ _ dim Co'/er’l'r*. = ZCC,.(A).‘.V\)
Lb‘i’ 60164 resu‘w' Va\w.s o{-‘ 7. So ‘n‘-"(so) l-n--'lésd) ore slnaa'H'\ _gulhm;.,.‘ou,
IF 'S s & P«d‘ .Frow\ © +o ;)4 | T'A(X) s & Swodth sobmanmfold o Jinension
Tdex(w) s 4 wd  AT() = © (o) v (30).-

boy pot let PSL(2,€) ke He grovp of couformd Frmmformdions of (S50
It ke PSL(2€ and U.‘,:)) e T(3) / ako (fobi3) e T(3)
T(y) Cw be compadt a it adnds He achon of He wnon-cowpact grove
PSL(Z) .
Thn (Gromo) Edler TJ(@/PSL(Z,C) s ompact or Hee eaths a family
(£, 39 € ™) st Ju— 3o ad fu comomes To a juo- holomorphic
cusp cve  m d-H@ class A.

Wede A = ;:Z,‘A'\ ad b S5 P ae i-hobrorphic wrves i A;

The wion U gi(A) s He image of Ao cvsp crve, viualy asmed b be
comaded.
Teagre wow Fhe following -

cTle set J'e Y of al § At gewabe cugp curves hac wdiension ot leat 2

. :36 /5\/3” is G ccbvlur valw. le’ TJC\")/PSL('Z,&) Joe._( ha“' Louur} a
C.0\~\Pa4+ \ma“;-rol(}.

Trer ¥ae S\, v (54)/P£L(2,¢)7£ g
_Iu)cef)/ suppose e Ca»ﬁ\mry a-d ‘SDI.V\ Jo awd » Ly a ec.c‘\' Y- Tlew

? (’—'_A(K)/PSL(;,@» = (5°)/PSL(2,¢)
Qu+ .(.‘rov-\ Growav ).s ‘H»{ore,\n / ’TJ(K)/PSL(},(') IS cohPo.c'l'- Tl\f.s Cavf]‘mj.'c.'l‘s -\—Lc

$e.cond oﬁuwﬁah .



Pen's;s{:cucg o.[.' excep'*\\ahd sPLer'es

We sletdn a P'”F for 10.1A

Let (P“,w) be o sywsf.lu'kc \nah;FalJ and Zc(P‘*,w) Le an exce.e'liaual
sphoe with A - [Z] Lt w, (te L0,0) be a deformation of w= w,

g*e(; 1 . CLoo.se. a ’Jo Hw&“ (s W-Cow\fa‘kuz awd ex'lm.J 40 a {:aw{ly :H:
Het i wt-co\«-\(»kue.

S+LP Z - _.["’ LOUS Iw)ex M = 2 (C4(A>+. h) = 2(4{— 2-> = 6
S;nce o’-\nR PSL(Z,&) = 6 / f}‘ -Fa“mbs ‘Hna'\— \'F 50 |.$ C&&Ulw"
hng (7(0) PsL(z.¢) = O

Stee 3 Tu dimgusion q . tuo  Ifferent qerms of ;\-Lolomorrl\fc cucves
u\\poys i«\‘l’o'.sec'{' \M‘\‘L\ po.&H\'w. mJ@( a+ Covamon ea;v\‘l‘s.
Asome 2 s anither cone i A Tlow

((2).(Z3) = ((D.(Z3)=-1 ¢
__[:l' -Fo“ow; ‘H«a+ "&Qr'g s o Un;c’ve A—Lololmorrl»;c curve m A
T4 C@ /PSL @ o) codang Aus’b owe 90;\;‘1‘,-

S‘l‘et 4 Choose 3,, + rebulqr, We dawm Hhet wo cusp cuoe
Cet

af’reur 5(.\'0':66“7/

J
A_?__A -)((A) Z'.‘C4LA1\)='1

TLVS at (e%"t' oe (e Class s V\oh-,ao:;‘l‘;vc WLOG let it Le c.,(A)
\\H ‘IT (x)/PSLLQ &> = Z(Cd(A/D* Z> 6 41 < A é

Gc\»u'\a.“y wo Lu\.ulug b‘: Lapfe\u . —ﬂw; A 15 Tefl‘e$¢‘\+¢f) Ly g \St—[«ol-
&71 Cov-\pac‘"kﬂ—SS (Ewtj, [_2]) >0 ¥te [o,d:l :



