D-ARCH Mathematics HS 2020
Dr. Cornelia Busch

Solutions Midterm exam

1. The graph of the functions is

(a) We have to find z;, ¢ = 1,2, such that f(z;) = g(x;).
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This is satisfied for z; = —1 and x5 = 1.
We have f(71) = f(=1) =0, g(x1) = g(=1) =0, f(r2) = f(1) = 0 and g(z2) =

g9(1) =0.

(b) We now have to determine if f(z) > g(x) or g(x) > f(z) on the interval [—1,1].
Since the functions f and g are continuous, we just need to check it in one point.
Since f(0) =0 and g(0) = —1, we see that f(x) > g(x) for -1 <z < 1.



Another argument uses the derivative. Indeed f'(x) = 3z? — 1 and ¢'(z) = 2.
Hence

f(=1)=2>-2=4(-1)
and this means that f(z) > g(z) for —1 <z < 1.

The area enclosed by the curves is given by the following integral.
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2. We know that ‘
e = cos(x) + isin(x) .

Comparing the real part of

(e”‘”)3 = "% = cos(3r) + isin(3x)

and
(e””)3 = (cos(x) + i sin(z ))3
= cos®(z) + 3i cos?(z) sin(z) — 3 cos(z) sin®(z) — i sin®(z)
= cos®(z) — 3 cos(z) sin®(z) + i(3 cos®(z) sin(z) — sin®(z))
we get
cos(3x) = cos®(z) — 3 cos(z) sin?(z)
= cos’(z) — 3cos(z) (1 — cos*(z))
= 4cos’(r) — 3 cos(x)
= cos(z) (4 cos®(z) — 3).
Remark:

sin(3x) = 3 cos?(z) sin(z) — sin®(z)
= 3sin(z)(1 — sin®*(z)) — sin’(z)
= sin(z) (3 — 4sin*(z)) .



3. By separating variables, we get
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|y + C| = Coe 2" for some Cy € RT
—y(x) =-C+ Coe™2%" for some Oy € R.

The two conditions

0=y(0) = —C+ Coe 2% = —C + Cy <= C = C,
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imply that
C=0Cy=1.
The solution to the differential equation
v +ay+z=0

with the searched constant C' =1 and y(0) =y (\/5) +1-— % = 0, is therefore given by

1
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y(x) =e
4. We first determine the general solution of the homogeneous equation
y' — 4y +4y=0.

The zeros of the characteristic polynomial A\? — 4\ + 4 are
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Hence the solution is
yn(1) = Crae® + Che® |
For the particular solution of the inhomogeneous equation we guess
yp(x) = Acos(z) + Bsin(z)
Then
y,(r) = —Asin(x) 4 B cos(x)
y,(x) = —Acos(z) — Bsin()
and
y"' — 4y + 4y = —Acos(z) — Bsin(z)
— 4(—Asin(z) + B cos(z))
+ 4(Acos(z) + Bsin(z))
= (3A — 4B) cos(z) + (4A + 3B) sin(x)

|

= sin(x) .
Hence we solve
3A—4B =0
4A+3B =1
and get
4 3
A=—and B=—.
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The particular solution of the inhomogeneous equation is
4 3
yp(z) = 9% cos(z) + 9% sin(z)

and the general solution is

4 3
y(x) = Croe®® + Cye*™ + % cos(x) + % sin(x)

The initial conditions determine the constants C; and C5. First we compute

4
Y (z) = C1(1 + 22)e* 4 2Ce** — — sin(x) + 3 cos(x) .

25 25
We solve
4 1
0)=0Cy+ — ==
) =Cat 5o =5
3
! = 2 — =1
y'(0) =Ch + C2+25
and get Cy = %, C = %. The solution is
4 1 4 3
y(zr) = g:te% + 2—56% + % cos(z) + % sin(z)



