D-ARCH MATHEMATICS ETH Ziirich
Dr. Cornelia Busch Midterm examination: solution HS 2022

1. Area enclosed by two curves
Let f: R — R, g: R — R such that

flx)=2*—-2*—4r+2, and g(v)=2>-3z.

(a) Determine the points 1 < x5 < x3 € R in which the graphs of f and g
intersect.

(b) Compute the area that is enclosed by the graphs of f and g between x; and
xIs3.

Hint: It may help to multiply (x + 1)(z — 1)(z — 2) =: h(z).

Solution: The graphs of the functions are

(a) We have to find z;, ¢ = 1, 2,3, such that f(x;) = g(z;).

f(z) —g(z) = (2° — 2® — 4o+ 2) — (2% — 32)
=2t -2t —x+2

= (z+1)(z—1)(z—2) =h(z) =0

We get 21 = —1, 2o =1, z3 = 2.
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(b) Since f > g on the interval [—1,1] and g > f on [1, 2], the area is

A= [ tw) = g@)de+ [ o) fa)ds

1 2
:/ x3—2x2—w—|—2dx—l—/ —2? + 2%+ —2de
1 1

1 2 1 ! 1 2 1 2
:{Z—lx4—§x3—§x2+2x]_l+[—1x4+§x3+§x2—2x1
1 2 1 1 2 1 16 16 4 1 2 1
= - — — = 2————4+-4+2——+ —+-—4+-—=-—= 2
4 3 2+ 4 3+2+ 4+3+2 +4 3 2+
__15+10_|_3+2
43 2
 —45+40+ 18424 37
N 12 127
2. Extrema
Consider the function
o1 o 1
f:[-L1]—=R: f(z)=2 1% +§SL’—1 .

For which « € [—1,1] is f (z) minimized and for which x is it maximized?

Solution:
ffx)y=2*+2>—20=2(x—1)(x+2)

so the stationary points in the domain are at + = 1 and x = 0. We also need
to check the boundary point x = —1. We have f (—1) = —13/12, f (0) = 0 and
f (1) = —=5/12. Therefore the minimum is attained at = —1 and the maximum
is attained at z = 0.

3. Complex numbers

Find all the solutions of the equation

25 =4(141).

Solution: We compute

— (\/5)5 exp <2%)
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With the equations

r5:(\/§)5
5¢=%+k-2w, ke,
we get
r=1/2
T 2w
=4k, kel
Pt ME

There are five different solutions:
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4. First order differential equation

Find the solution z(t) of the differential equation
7' =2z te
subject to the condition that x = 1 when t = 0.

Solution: We separate the variables

d
a =2z tel

dt
d

/ @ _ / 2tetdt
X

In |z| :2tet—2/etdt:2(t—1)et+6'

z(t) = Cexp(2(t — 1)e")
The condition z(0) = 1 yields

2(0) = Cexp(—2-¢") = Ce™? =1
C =é?
z(t) = exp(2(t — 1)e' +2)
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