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Dr. Cornelia Busch Problem Set 1 HS 2023

DIFFERENTIAL CALCULUS

1. (a) (a8 —2—100) =8z7e ™ — a8 . (322 ) —1=2aTe " (8 — 32%) — 1

sin“ x

In(sin?(2))\" g5 - (2sinzcos® x) 4 In(sin® ) sin
cos? x

cos(x)

2 In(sin® ) sin x
_.I_

sinx cos? x

(¢) Set y = arctan(y/x) such that tany = /z. By implicitly differentiating
with respect to z and using that tan(z) = (cos?(x))~t, we have

2 ! 1
sec Yy -y :m

1

, We can write
cosy

In particular, since sec? y = 1 + tan? y where secy =

1 1 1

- 2\/x - sec?y - 2y/x(1 +tan?y)  2/x(1 +2x)

y = arctan(y/z)

2. Proceed by using the chain rule repeatedly:
(a)
f/(ZE) _ 6sin(ac?’—&-cos:v2) (sin(xg + cos :L‘Q))/
— 6sin(z?’—‘,-cos;c?) (COS(ZE3 + cos ZL’2)) (3[E2 — sin $2 . (:EZ)/)

— ¢sin(@?+eosa?) (cos(z® + cosa?)) (3a® — sina® - 2z).
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3. Recall that the derivative of a function at a point xq is precisely the slope of the
tangent line at this point. Therefore, the graph of f has a horizontal tangent at
points xq for which f’(x¢) = 0. We compute

f/(l') — (esinx—i-cosa:)/ — GSinx+Cosx<COS$ — sin QZ’)

It follows that f'(x) = 0 exactly when cosz = sinz. In the main interval [0, 27),
this happens at the points 1 = § and x5 = %’T. In R, the solutions are given by
r = 7§ + kr for any integer k.

4. The first derivative of h is given by

1
rlnz’

h(x) =
and so we compute the second derivative to be

Wile) =~ (22 fn;)lz)

B Lol
B 2?lnzx  (xlnx)?
—1 1
- 1+ .
z?Inz ( N lnx)
5. By the mean value theorem, f(1) — f(0) = ( f(e) for some € € [0,1]. Since

f'(e) < 2 by assumption, it follows that f(1) < 2+ f(0) = 1. Equality holds for
the function f(z) = —1+ 2z.

6. Apply the quotient rule, product rule and chain rule repeatedly:

( f(@®) )' _ @) af(@?) - f@) - (2 f (=)
rf(x?) (xf(2?))?

_ 322 (@) - af(2?) — f(2%) - (f(2?) + 222 f"(2?))

(xf(2%))?

_ 3@ f (@) = f(?) f(a?) — 227 f (2°) [ (%))

(xf(2?))? ‘
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