D-ARCH MATHEMATICS ETH Ziirich

Dr. Cornelia Busch Problem Set 2

HS 2023

DIFFERENTIAL CALCULUS
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2. Recall the formula

[ 1) g = @) o) - [ £10)-g@ar

=0

r=8

(a) For f(x) =In(sinzx) and ¢'(x) = cosz, we compute

cosx .
-sinx dx

/Cosxln(sin xz)dr = In(sinz) - sinz — /

= In(sinx) - sinz —sinz + C
=sinz - (In(sinz) — 1) + C.

sinx

(b) Set f(x) =x and ¢'(z) =

cos?

T
/ 5 dx:xtanx—/tanxdx
cos?

= ztanx + In|cos x| + C.
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(c) Set fi(z) = 23 and gh(x) = €%;

/a:?’ex de = 2%e® — 3/x2e‘” dx.
x

Now integrate by parts again with fo(z) = 22 and gj(z) = €%;

/31’2636 dz = 2% — 2/.7:65” dz.

We also solve the last integral by parts with f3(z) = = and g4(x) = €%;
/xe””dx::cex —/exda: =ze’ —e" + C.
The final result is therefore
z’e” — 3x%e” + 6re” — 6e” + C = e*(2° — 32% + 62 — 6) + C.

(d) Set f(z) =In(z*+1) and ¢'(x) = 1;

/1n(:c2—|—1)dx:/1-ln(x2+1)dx

2
:xln(ﬁ—}—l)—/:p-x?f_ldm

24+1)-1
:xln(x2+1)—2/1—x2+1dx

= zIn(2® + 1) — 22 + 2arctan(z) + C.

(e) Proceed with f(x) =In(z) and ¢'(z) = x;

2 1 2
/xlnxdx: %ln(m) B

2 x
2
1
= %ln(x) - ZxQ +C

(f) For f(z) =sinzx and ¢'(z) = sinz;

/sin2xdx: —sinxcosx+/0082xdx,

/SiDQZE—/COSzxdl’: —sinz cos x.

Since [ sin’ x + [ cos®> xdax = x4+ Cy, we can sum the latter two expressions
to conclude that

thus

1
/siandx = 5(20 —sinzcosz) + C.
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3. (a) The two graphs intersect when f(z) = g(z):
4o +22° — 50 —2=22" —x — 2
simplifies to
(x4 1)z(x—1) =0,
and we therefore deduce that ;1 = —1,29 = 0,23 = 1.

(b)

(c) Where the graph of f is above g, integrate f(z)—g(x). Otherwise, integrate
g(z) — f(x). The area A of the shaded region is therefore

A= / (f(2) — gla)) dz + / (9(a) — f(2)) da

-1

0 1
= / (42° — 42) da +/ (4o — 42°) da
-1 0
=1

= 2.
=0

+ 222 — 2*

r=—1
4. We are searching for the area A of the following region:

{(z,y) eR*|0<2<5,0<y<z=z"?}

Therefore,
5 2 .02 10
A:/ 22 dy = a2 = 2532 = /5.
0 3 0 93 3
5. Remember that
d Me) / /
e f@)dt = f(h(z)) - W (x) — f(g(x)) - g'(x)
T Jg(x)

by the chain rule and the second fundamental theorem of calculus. In particular,

f'(x)

_ 2sin(2z) sinz

2x T

Local extrema occurs in points x for which f’(z) = 0, namely when sin 2z = sin z.

By the double angle formula, sin 2x = 2sin x cos z, thus the above condition is

satisfied for sinx = 0, or for cosx = % In our range, this occurs when z = 7, or
™

Using the second derivative test, we see that f”(7) > 0, and f”(5) < 0, thus
only z = % gives a local maximum.
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