D-ARCH MATHEMATICS ETH Ziirich
Dr. Cornelia Busch Problem Set 4 HS 2023

DIFFERENTIAL CALCULUS

1. (a) Set u:=a?+ 1 such that % = 2z.
/23:sin(:1c2 +1)de = /sinudu = —cosu+C = —cos(z* + 1) + C.

(b) Set u := —10z such that % = —10.

e —10z

1

10 10 10 =

— s du __
(c) Set u:=5x — 7 such that §* = 5.

1 . . 5 _E
/COS(5x_%>dx:g/COSUdUZ&;u—FC:w%—C.

The definite integral from x = 0 to x = £ therefore evaluates to

sin(52 — Z)[“=™°  sinZ  sinF 2
5 =0 5 5 5
(d) Set u:= —+/x + 1 such that Z—Z = —ﬁ.
o—Varl

de=—-2 [ e*du = —2e V=t + C.
vo+1 /

(e) Set u:=x + 3 such that 2 = 1.

1 1
/ d:r;—/—du—ln|u!+C—ln]9€+3]+C.
x+3 u

The definite integral from x = 2 to x = 7 now evaluates to

=7
=1nl0—Inb5=1In2.

r=2

In |z + 3

(f) Set u:= 2z — 2 such that % = 2.

1 1 /1 1
/Qx_Qda::é/adu:51n|u|+0:1n\23:—2]—|—6’.

The definite integral from z = 3 to x = 5 evaluates to

=5

1 1
§ln|2x—2] :§(ln8—ln4):ln\/§.

r=3
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2. (a) The roots of the polynomial z(2? — 2) = z(z — v2)(x + v/2) are z; = 0,

o = /2 and T3 = —1/2. These are all simple and real, thus we aim
determine constants A, B, C' € R such that

r—1 A B C
Pa=2 "7 o) @)
_A(x—\/ﬁ) (x+\/§)+BI(:E+\/§)+CI(x—\/§)
B x(x—\/i)(x—l—\/ﬁ)
(A+B+C’)x2+(\/§B—\/§C’)I—2A

By comparing coefficients, we construct the following system of equations

A+B+C=0
V2B — V20 =1
—2A = —1,
whose solution is given by
1 2—-1
A=— B:\/_ , O:—\/ﬁ+1.
2 4 4

Finally, we compute

S - | 501 Ve—-1 1 V2+1 1
—d{l?: —+ - dZL‘
2 .1'(.1'2—2) 2 2x 4 ;p—\/§ 4 x+\/§

:%ln(:cHﬂ4_1ln<x_‘/§>_\/§4+lln(x+\/§) :
V21 (3-v3\ V2 V2
(D) S () -5 ()

The roots of the polynomial (z+2)(z+3)? are z; = —2 and x5 = —3. Notice
that z; is simple, whilst the second root has multiplicity 2. Therefore, we
have to determine A, B, C' € R such that

x? A N B N C
(z+2)(x+3)2 24+2 z+3 (x+3)2
Az +3)2+ Bz +2)(x +3) + C(z + 2)

(x +2)(z + 3)?

In particular,
Alx +3) + Bz +2)(x +3) + C(z + 2) = 27,

and so by choosing suitable values of x we determine the above constants:
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by setting x = —2, we deduce that A = 4. This, together with the choice
x = —3, tells us that C' = —9. Finally, by inserting z = 0, we find B = —3.
The integral now evaluates to
! x? Y4 3 9
dr = — — dx
1 (x+2)(x+3)? g2 \z+2 43 (x+3)?
=1
=41 2)— 31 3
I
9
=41In(3) —3In(2) — 7
where we have used that In4 —In2 =1In(2-2) —In2 =1n2.
3. (a) First, notice that coszsinz = §sin2z. Then

(b)

1 1 1
/cosxsinxdx: §/Sin2zdx: Z/Sinudu: —ZCOS2£E+01,

where we use the substitution u = 2z.
Proceed using integration by parts with f(x) =z and ¢'(z) = cosx sin z:

/xcosxsinxdx =x- /cosacsinxdx — / (/cosxsinacdx) dz
1
= —%COSQm + Z/COSZZL‘dZE

Now, as above, use the substitution u = 2z to compute the latter integral:

L / 2xd L / d L 2z + C

— [ cos2xdxr = - | cosudu = = sin2x .

4 8 8 2
Altogether, we have

: 1. x
rcosrsinxdr = gsm2x 1 cos 2x + (.

We directly compute

dx [ =@ = 1)+ 52+ 2?) — (2 — 2?)
/x2( / 2?2(x +1)(x — 1)

B —(z%-1) 2(2® +2?) B 2(a’ —2?) N
= / (x2<x+ De-1) 2er)e-1 2t - 1)) d

_/(_éJr 2(x1—1) N 2(:cl—i-1)) de

dx

x2—1)

1 1 1
:E+§ln|x—1|—§ln|x+1|+0
1 1
=—+=( —1| -1 1 C.
x+2(n|x | —Injz+1|) +
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¢) Set u := Inx, such that & = 1 now
( ) ’ dx x

1 1
/ :/—du:ln|u|+C’:ln|lnx|+C’.
u

zlnzx

4. (a) Using the result of 1.(d), we compute

v g
fl(x):/o eﬂ dt = —2e V*

Thus,
fllz) = (2—2e V") = —2¢V7 . (—/7) =

and we conclude that f](1) =e ! =1

(b) We apply the result of 1.(d) again;

and therefore

Fy() = (2677 — 2¢77) = 2677 —

In particular, f5(1) =2e¢ ! —et =71 =1,

(c¢) Recall the formula

d h(z)

T ) T = @) W) = Sl g @

given by the chain rule and the second fundamental theorem of calculus.

In particular,
d [Te Vi e VT

and so f{(1) = L. Similarly

d [=eVt Ve
/ € dt =2¢7 % — €
dz

Vi Vo

and f}(1) = 2. Our results agree with the solutions to 4.(a) and 4.(b).

(@) =

(d) We proceed as above and directly compute

N = 4 o B4+1 341’

s0 g1(2) = L.
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(e) Similarly to the computations above we find

2

,(x)_d/Q” dt 2z
P = qr )y Bl ad41

4

and therefore g5(2) = &.

5. First calculate

/ ft)dt = / 25¢ "t dt + e "0t dt

1
= _95 -t _ —0.05t C
© oot T
We find the answer to the question by evaluating the corresponding definite
integral from ¢ = 0 to ¢t = 10:

x=10
~ 33.
t=0

10 1 0.05
t)dt = 257" — ——e 00
/0 /() ‘T 005°

Therefore, in the first ten days, about 33 mm of water flows from the area affected
by the weather.
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