
ETHZ D-ARCH Winter 2021
Dr. Cornelia Busch Exam

Mathematics

1. System of linear equations

Consider the equation (
1 3
2 t

)(
x1
x2

)
=

(
−1

4− t

)
.

(a) For which values of the parameter t ∈ R does the above equation have a unique

solution

(
x1
x2

)
∈ R2 ?

(b) Determine this unique solution.

2. Eigenvalues and eigenvectors

For the 3× 3-matrix

A =


1
2

1 −3
2

1 0 1

−3
2

1 1
2


determine a diagonal matrix B and a transformation matrix T such that

B = T−1AT .

3. Complex numbers

(a) Compute
(z − 1)(z2 + z + 1) .

(b) Use your previous result in order to determine all the solutions of

z2 + z + 1 = 0

in their polar form z = r exp(iϕ) with 0 ≤ r ∈ R and 0 ≤ ϕ < 2π.
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4. Extrema

Find the global maximum M and the global minimum m of the function

f(x) : = x4 + 4x3 − 20x2 + 15

on the interval [−6, 4] and give the two values xmax, xmin ∈ [−6, 4], where the global
maximum M and the global minimum m is attained.

5. First order differential equation

Let x ≥ 0. Find the solution y(x) of the differential equation

(x2 + 3x+ 2)y′ + y2 = 0

satisfying the initial condition

y(0) =
1

1− ln(2)
.

6. Linear differential equations with constant coefficients

Find the solution y(x) of the differential equation

y′′ − 2y′ − 3y = −10 cos(x)

that is bounded for x→∞ and that satisfies y (0) = 1.

7. System of linear differential equations

Determine the solutions x1(t), x2(t) of the following system of differential equations

ẋ1 = 2x1 + 3x2
ẋ2 = 5x2

that satisfy x1(0) = 0, x2(0) = 1.
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