ETHZ D-ARCH Winter 2021
Dr. Cornelia Busch Exam: solution

Mathematics

1. System of linear equations

(o) ()= ()

(a) For which values of the parameter ¢t € R does the above equation have a unique

solution (xl) c R??

X2

Consider the equation

(b) Determine this unique solution.

Solution.

(a) The equation A;z = b; has a unique solution if and only if A; is invertible. Let

1 3
At:: (2 t) .

Then det A; =t — 6 and A, is invertible if and only if ¢ # 6.
(b) For t # 6 we have

Then

is the unique solution.



2. Eigenvalues and eigenvectors

For the 3 x 3-matrix

1
0
1

[N — Nw

determine a diagonal matrix B and a transformation matrix 7" such that
B=T"AT.
Solution.

We compute the eigenvectors and the eigenvalues of A.

The eigenvalues of the matrix A are the zeros of the polynomial

b

pa(A) = det(A — A1) = det 1 =\ 1

-3 11—
SR N N

)\<4 )\+)\> 3—1-4)\ + 2

1. 9
=N+ A+ +20 -4
+ A
=N+ XN +4r—4
=1 -ANDN=4)=1-NA-2)(A+2).

These are A\; = 1, Ay = 2 and A\3 = —2. We determine an eigenvector v; for A\; = 1.
1 3
AN
A-Do=| 1 =1 1|[y] =0
3 1 z
-5 1 =3
x
Hence the entries x, y and z of v1 = | y | satisfy
z

-z + 2y — 3z =0
xr — y + =z = 0.



Substituting * = y — 2 in the first equation we get y — 2z = 0. Hence

1
Vv = 2
1
We determine an eigenvector vy for Ay = 2.
3 3
-5 1 =3\ /7,
A== 1 =2 1| [y] =0
3 3 z
-5 1 =3
x
Hence the entries =, y and z of v, = | y | satisfy
z

—3r + 2y — 3z = 0
r — 2y + =z = 0.

Substituting = = 2y — z in the first equation we get y = 0. Hence

1
Vo =
-1
We determine an eigenvector vz for A3 = —2.
5 3
> L =3\ /»
(A - )\2)’02 = 1 2 1 Yy ; 0
3 5 z
-5 L3
x
Hence the entries x, y and z of vo = | y | satisfy
z

or + 2y — 3z = 0
r + 2y + 2z =0
-3z + 2y + 5z = 0.

This is equivalent to
dx — 4z =0

r + 2y + 2z = 0.



Substituting £ = z in the second equation we get x + y = 0. Hence

This shows that

satisfies

3. Complex numbers

(a) Compute

1 0
B=T1'AT =10 2 0
0 0

1

V3 = -1

1
11 1
I'=(2 0 -1
1 -1 1

(z—1D(22+2+1).

(b) Use your previous result in order to determine all the solutions of

Z4+z+1=0

in their polar form z = rexp(ip) with 0 <r € R and 0 < ¢ < 2.

Solution.

(a) Compute

(b) The solutions of

z—D)(+z+D) =22+ +2-22—2—1

=z -1

P24+24+1=0

are also solutions of 23 — 1 = 0. These can be found using the polar form z =
rexp(ip) with 0 <r € R and 0 < ¢ < 27. Since

23 = r? exp(i3yp)

the solutions of z* = r3exp(i3p) = 1 satisfy > = 1 and 3p = k27, k € Z. The

three solutions

127 (2%
=1 2= exp(—), z3 = exp(—)

3 3

4



are different. Since z; = 1 is a solution of 22 —~1 = 0 and not a solution of 224241,
the solutions of 22 + 2z + 1 = 0 are

127 i
29 = exp<?> and 23 = exp(7> .

4. Extrema

Find the global maximum M and the global minimum m of the function
f(z): =" +42® — 202 + 15

on the interval [—6,4] and give the two values Zpax, Tmin € [—6,4], where the global
maximum M and the global minimum m is attained.

Solution.

We first find the critical points (the local extrema), that is, the points x for which
f'(xz) = 0. The derivative is

f'(z) = (2* + 42 — 202% 4 15)’
= (") + 4(2*) - 20(z*)" + 15’
=42° +4-32* —20- 22+ 0
= 42% + 1222 — 40z
= 4a(2® 4 3z — 10)
=4dz(x —2)(z + 5).

Hence the local extrema occur at 1 = —5, o = 0 and z3 = 2.
To determine whether the f-values at these three points are local maxima or local
minima, we look at the second derivative, which is given by

f'(@) = (' (0))
= (42° + 122% — 407)’
= 4(2*) + 12(2*) — 402
=432 4+12- 2z — 40
= 122% + 24z — 40
= 4(32% + 62 — 10).

Because we have that

f'(=5)=4-(3-(=5)*+6-(=5) —10) = 4- (75 — 30 — 10) = 140 > 0,
f(0)=4-(3-0°4+6-0—10) = —40 < 0,
f'(2)=4-(3-2246-2—-10) =4- (12412 —10) = 56 > 0,



we have that xo = 0 corresponds to a local maximum and that x; = —5 and z3 = 2
correspond to local minima.

To find the global extrema on the interval [—6,4], we compare the values of f at the
points —5, 0,2 with the two endpoints e; = —6 and ey = 4 of the interval [—6, 4], over
which the global extrema should be identified.

Putting everything together, we have that

f(=6) = (=6)* +4-(—6)> —20 - (—6)* + 15 = 1296 — 864 — 720 + 15 = —273,
F(=5) = (=5)* +4- (=5)* =20 (=5)* + 15 = 625 — 500 — 500 + 15 = —360,
f(0)=0*"+4-0>—-20-0%+15 = 15,
F2)=2"4+4-22-20-22+15=16+32— 80+ 15 = —17,

f(4) =4* +4-4% — 2047 + 15 = 256 + 256 — 320 + 15 = 207.

Hence the global maximum M over the interval [—6, 4] of the function
f(z) = 2* + 42° — 202° + 15
is M = 207 and the global minimum m is m = —360.

These two global extrema occur at the points xp., = 4 and z,;, = —5, because we

have that f(4) = 207 and that f(—5) = —360.

. First order differential equation

Let x > 0. Find the solution y(z) of the differential equation
(2°+32+2)y +y* =0

satisfying the initial condition

Solution.



By separating variables, we get

T dr 22137 +2
dy dx
2 _ZL‘2—|—3£E—|—2

[
x2+3x+2
dy
= — dz
/ /(x—i—l x+2)

<:> =In(Jz +1|) — In(Jz +2|) + C' for some C € R
Y

1
— y(a) = f CcR.
YO = 1) — (e 2y £ ¢ orsomeC€

The initial condition

0)=— = : - 55
y(0) = 1—1In(2) - In(1) — In(2) + C O - In(2)’

implies that
C=1.

Therefore, we get that the solution to the differential equation for x > 0 is

1
In(z+1)—In(z+2)+1

y(r) =
. Linear differential equations with constant coefficients
Find the solution y(z) of the differential equation

y" — 2y — 3y = —10 cos(x)

that is bounded for  — oo and that satisfies y(0) = 1.
Solution.

We must solve the linear differential equation with constant coefficients

y" — 2y — 3y = —10 cos(x)



We first solve the corresponding homogeneous differential equation
y' =2y —3y=0.
The characteristic polynomial p(\) of this homogeneous differential equation is

p(A) =A% —2)\—3
—(A+1)(A—3).

Hence the zeros are A} = —1 and Ay = 3. The general solution yyom () of the homoge-
neous differential equation is therefore given by

Yhom(7) = Cre™ " 4+ Coe®  for some C,Cy € R .
For the particular solution yp.¢(x) of the inhomogeneous differential equation
y" — 2y — 3y = —10 cos(x)
we make the “ansatz” ypa(z) = Acos(x) + Bsin(x)

Ypart () = Acos(x) + Bsin(z)
Ypart(2) = B cos(x) — Asin(x)
Ypart (2) = —Acos(z) — Bsin(x).

By setting this “ansatz” into the differential equation, we get

y" — 2y — 3y = —Acos(z) — Bsin(z) — 2(B cos(z) — Asin(z))
— 3(Acos(z) + Bsin())
= (—4A — 2B) cos(x) + (2A — 4B) sin(x)

!

= —10cos(z) .
Comparing the coefficients we get

—4A —-2B =-10
2A—-4B=0.

Hence A =2B and 4A +2B =5A =10 and A =2, B =1. We obtain

Ypart (2) = 2 cos(z) + sin(z) .
The general solution y(z) to the inhomogeneous differential equation is therefore given
N Y(2) = Ynom () + Ypart () = Cre” " + C2e3* + 2 cos(z) + sin(x)

8



x 3x

for some C7,Cy € R. Since lim,_,,,e™ = 0 and lim,_,., e’ = oo, the solution is

bounded if and only if Co = 0. The condition y(0) = 1 yields
y(0) = Cy 4+ 2cos(0) 4 sin(0) = C + 2 =1,
hence C7; = —1. The solution of the differential equation is
y(x) = —e * +2cos(x) + sin(x) .
. System of linear differential equations
Determine the solutions z(t), x2(t) of the following system of differential equations

j,’l = 2$1 + 3$2
i‘g == 53172

that satisfy z1(0) = 0, 25(0) = 1.
Solution.

The system can be written as © = Ax with

(2 3 !
A—(O 5) and x-(@).

The eigenvalues of A are A\; = 2 and A\, = 5. The eigenvectors vy, v5 to the eigenvalues

A1, A9 respectively are
(1 (1
v = O ) Vg = 1 .

With the transformation matrix

(11 . (1~
T_(O 1) and its inverse T’ _<O 1)7

we get the diagonal matrix

P (20
D=T AT—(O 5).

The solution of the system
U1 =2y
Y2 =Dy
is 1, = C1e? and yp = Cae®. With x = Ty, i.e. 11 = Y1 + Vo, T2 = Yo, We get

I (t) = 01€2t + 0265t
I‘Q(t) = Cg€5t .



We use the initial condition z1(0) = 0, 22(0) = 1 to determine the constants C; and

Cy. With

$1(0) :C1+Cg =0
1'2(0) :CQZ 1,

we get Co =1 and C; = —C5 = —1. Hence

z1(t) = —e* + €

To(t) = ™.
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