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Program

Last week
» Separation of variables.
» First order linear differential equations: variation of constants.
» Inhomogeneous linear differential equations.

Today
» Linear differential equations with constant coefficients.



Linear ODEs of order n with constant coefficients

A linear differential equation of order nis

x(8) 4 an_1 ()X "D(E) + ...+ &y ()x(t) + ao(t)x(t) = r(t).
If ap_1(1), ..., ao(t) are constant (don’t depend on t), then the differential equation has
constant coefficients.

XM (t) 4+ a1 XD + ...+ agx(t) + apx(t) = r(t).



Linear inhomogeneous ODE

We use the following method.
1) First determine the general solution x;, of the corresponding homogeneous ODE.
2) Then find a particular solution x, of the inhomogeneous ODE.
3) The general solution of the inhomogeneous linear ODE is



General solution of the homogeneous ODE

We guess
x(h=eM, NeR
and plug this function in the homogeneous equation

XM (1) + a1 x84+ ...+ agx(t) + agx(t) = 0.

With
xO(t) = NeM
we get
NeM g, (ANTeM 4 aneM+ geM=0
and

M+ a, A"+ ah+a)=0.



General solution of the homogeneous ODE

We consider the equation

M\ +a,_ AT+ +a\+a)=0.

Since eM +£ 0, it is equivalent to

Nta, A1+ +ar+a=0.

We call
Q) =N+ a, 1 AN+ +ar+a
the characteristic polynomial of the differential equation.

x4+ a, (x4 4 ax+ax=0.



General solution of the homogeneous ODE

There are different cases:
1. Q(X) has n different real zeros.
2. Q(X) has zeros with multiplicity > 1.
3. Q(\) has complex zeros.



General solution of the homogeneous ODE

If Q(\) = 0 has ndifferent real zeros A1, ..., Ap, then the differential equation has n linear
independent solutions:

The general solution is
n
x(t) =) cieM
i=1

with n constants ¢y, ..., .



General solution of the homogeneous ODE

If \¢ is a zero with multiplicity p, then

el et et =T
are the p solutions corresponding to Ak.
Their contribution to the general equation is

Coe™! + Cyte™! + Cot?e™! 4. 4 Cp 1 tP~TeM!



General solution of the homogeneous ODE

By the previous scheme the pair of complex conjugate zeros
A=axif
would contribute with the complex solutions

glatif)t — e™!(cos(Bt) + isin(Bt))
ela=At — e*!(cos(Bt) — isin(St))

but we want real functions. The functions
el cos(pt) and e*'sin(St).

are the real solutions. These are linearly independent.



General solution of the homogeneous ODE

If the multiplicity of the complex zero is p > 1 we have the solutions

e*cos(ft), te*fcos(Bt), ..., tP~1 e cos(Bt),
e*tsin(Bt), tesin(Bt), ..., tP~1esin(Bt).



Particular solution of the inhomogeneous ODE

To find the particular solution of the inhomogeneous ODE
XM (t) 4+ a1 (X" D() + ...+ & ()x(t) + ao(t)x(t)
we make a guess that depends on r(t).

See the examples!



Example 1

Determine all the solutions y(x) of the differential equation

X

y//_y/_ey:e— )

that are bounded on the interval [0, oo[ and satisfy y(0) = 0.



Example 1
We first consider the homogeneous equation
y'—y —6y=0.
The zeros of the characteristic polynomial
M2 _-A-6=0

are

1+v14+24 1+£5 3

The general solution of the homogeneous equation is

Yn(x) = c1€¥ + e .



Example 1

The guess for the special solution of the inhomogeneous equation

y//_y/_Gy: e X

y(x)=ce .
Then y' = —ce ™, y” = ce ¥ and
y'—y —6y=ce *+ce ¥ —6ce ¥
— _dce X L e,
The particular solution is

Yo(X) = —



Example 1

The general solution is

1
Y(X) = Yh(X) + yp(x) = c1€® + coe ™ — Ze‘x.
We study the solution on the interval [0, cof:

e** >0 foraeR, xeR
e =1

limy oo € =00 foraceR, a>0
liMmys0o € =0 foraeR, a<0

therefore y(x) is bounded if and only if ¢; = 0. The condition y(0) = 0 yields the solution



Example 2

Determine all the solutions y(x) of the differential equation
y//_y/_zy:XZ
that satisfy y(0) = 0 and y’(0) =

=



Example 2
We first consider the homogeneous equation
y"—y -2y =0.
The zeros of the characteristic polynomial
M2 _)A-2=0

are

1+v14+8 1£3 2

The general solution of the homogeneous equation is

Yh(x) = c1e®* + e *.



Example 2

The guess for the special solution of the inhomogeneous equation

y//_y/_zy:XZ
is

y(x)=Ax®+Bx + C.
Then y’ =2Ax + B, y’ = 2A and

y' —y —2y =2A— (2Ax + B) — 2(Ax?> + Bx + C)
= —2Ax? — (2A+2B)x +2A-B-2C

|
= x2.



Example 2

Comparing the coefficients of both sides of
—2Ax® — (2A+2B)x +2A—-B—-2C =x?

we get the following system of equations

—2A =1
—-2A-2B=0
2A-B-2C=0
We see that ’ ’ 3
A - — E 5 B - E 3 C = — Z
The particular solution is
15, 1 3
Yo(X) =~ 5x° + 5x— 3



Example 2

The general solution is

y(X) = yn(x) + yp(x)
1 1 3
_ 2X -x 2 Ty Y
= C1e”" + e 2X +2X i

The conditions y(0) = 0 and y’(0) = } define the constants ¢; and c,.
Since

Y'(x)=2c1€¥ — e —x + 5
we get

4

1
y’(O):§:2c1—cg+§

3
y(0)=0=c  +c —
1



Example 2

The solutions of the system

C1-1—Cz=§
4
2ci — =0
are
1 1
C1:Z, ngé

Hence the solution of our initial value problem is

LT 1
y(x)_4e +587 - X ox— o

—_
N
w



Example 3

Determine all the solutions y(x) of the differential equation
y" —y' —2y = cos(x)
that satisfy y(0) = 0 and y'(0) = .
We already know the general solution of the homogeneous equation:

Yn(x) = c1€% + cpe™*.



Example 3
The guess for the special solution of the inhomogeneous equation

y" =y —2y = cos(x)

° y(x) = Acos(x) + Bsin(x).
Then
y' = —Asin(x) + Bcos(x)
y" = —Acos(x) — Bsin(x)
and

! /

y' —y' —2y =—Acos(x) — Bsin(x) — (—Asin(x) + Bcos(x)) — 2(Acos(x) + Bsin(x))
= (—3A — B) cos(x) + (A — 3B)sin(x)

= cos(X) .



Example 3

Comparing the coefficients of both sides of
(=3A — B) cos(x) + (A — 3B)sin(x) = cos(x)

we get the following system of equations

-3A-B=1
A-3B=0
We see that
A-_23 pgo_1
10’ 10
The particular solution is
(%) = — > cos(x) — ~=sin(x)
Yo ——10cos 10sm .



Example 3

The general solution is

Y(X) = yn(Xx) + Yp(x)
’

=16 + e — 130 cos(x) — ﬁsm(x)

The conditions y(0) = 0 and y’(0) = 1 define the constants ¢; and c,.
Since

y'(x) =2c1e® — e + ism( X) —

10 cos(x),

]
10
we get



Example 3

The solutions of the system

C—i—C—3
BRCERETV
6
201—Cg—ﬁ
are 3
Cq ﬁ’ c=0



There there will be an exercise class tomorrow!
See you tomorrow!
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